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Transmission line equations
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The surface charge density on the plate obeys

The EM field inside the parallel-plate 
waveguide can be
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Transmission line equations
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One may write down the differential equations for the EM fields
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One may define the capacitance(per unit length) 
and inductance (per unit length) by 
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Distributed-parameter model
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Coaxial cables
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For coaxial cables, the parameters are
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sc: conductivity of conductors
sd: conductivity of dielectrics



Telegraphist�s equations
Applying Kirchhoff�s voltage law, we have
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Harmonic waves on transmission lines

The telegraphist�s equations are coupled space-time dependent differential equations

Consider sinusoidal time-dependent solutions:
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In which V(z) is a time-independent function
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Time-independent telegraphist�s equations
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Traveling wave equations

The parameter a describes the signal loss, while the parameter b describes
The signal propagation along the transmission line
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In general, g is a complex and can be denoted by ig a b= +
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The current satisfies the similar differential equation, so the solutions are



Characteristic impedance
The characteristic impedance of a transmission line is defined by
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Lossless line
If a is zero, the wave travels losslessly.

the lossless conditions can be described by
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In this case, the propagation parameters of the wave becomes
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Characteristic impedance of coaxial cables
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We note that the wave speed satisfies this equation for all kinds of 
transmission lines. One can prove it by using relativity



Power transmission (lossless)
The average power at any point z along the line:
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Power transmission (lossy)
On a lossy line, the current is no longer in-phase with V . 
In general, the impedance is complex
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Reflection at a load
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For an open circuit, LZ ®¥ 1LG =

For a short circuit, 0LZ = 1LG = -

0LZ Z=For a matched load 0LG =



generalized reflection coefficient
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Consider the voltage on any point at z
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voltage standing wave ratio(VSWR)
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Input impedance
At z=-l, the ratio of V to I is 
known as the input 
impedance
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Input impedance for lossless TL
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Lumped element model
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Transmission line resonators
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Resonate modes
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Smith chart
Consider the complex impedance on any point at z
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The use of Smith chart
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To find out the input impedance

Step 2: find the GL

Step 3: moving on the circle (q=2bz)

Step 4: find the input impedance Z(z)

Step 1: find the ZL point (1+2i)



Impedance matching
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Matching
network

If the matching network consist reactive elements, 
the power will be transmitted from the source to the 
load without reflection and loss

Practical matching networks only operate over a 
narrow bandwidth

The tuning ability of the network for varying load 
impedances is desired



Quarter wave transformer
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One may choose 0S LZ R Z= so as to match the impedance 

When the load is real, one may use a segment of 
lossless transmission line as the transformer



Usage of smith chart
When the load is complex, we may use the 
following steps to determine the transformer
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Step 1: find the ZL point (0.22+0.5i)

Step 2: find the target circle (1+xi)

Step 3: move away the load 
along constant |G| circle to the 
target circle (1+2i)

Step 4: add a reactive element 
to move to the center iX=-2i

iX



Shunt stubs
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To find the admittance using the smith chart
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Shorted T-line stub
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Step 1: start from the short 

0Z =

0Z = Y = ¥

Step 2: move the load along the unit circle

( )0 tanZ iZ db= ( )0 cotY iY db= -

The shorted(or open) T-line stubs can 
be viewed as a reactive tuning elements



Shunt-stub matching
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Step 2: find the YL point

Step 3: find the 1+ix circle
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Step 4: move the point along the 
constant |G| circle to the intersection 
to the 1+ix circle (Yd=1+ib)

Step 5: find the point representing Yl=1-ib
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Lumped-element matching (I)
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ZL

Add a series reactive element 
will not move to 1+ix circle

Try to add a shunt reactive element first

Step 1: find the ZL point and YL point

YL

Step 2: move the point along the 1+ix
circle until it intersect with the rotated 
1+ix circle

YL+ibStep 3: Now start to add a series 
element, go back to Z=(YL+ib)-1

Step 4: move the point along the 1+ix
circle to the center Z= (YL+ib)-1+iX



Lumped-element matching (II)
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Try to add a series reactive element first
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ZL+iX
Step 1: find the ZL point

Step 2: move the point along the 1+ix
circle until it intersect with the rotated 
1+ix circle (ZL+iX)

Step 3: Now start to add a series 
element, go back to Y=(ZL+iX)-1

Step 4: move the point along the 1+ix
circle to the center Y= (ZL+iX)-1+ib

(ZL+iX)-1
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Transients
When there is a sudden change in voltage or current at one end of a TL
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Here we assume a resistive load RL and resistive source output impedance RS
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Bounce diagram

At the middle point 
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Pulse response
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Schottky-diode termination
A clamping circuit

ZL

Vcc

The voltage on ZL will be clamped between Vcc and ground



Reactive load-inductor
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Reactive load-inductor
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Reactive load-capacitor
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Time domain reflectometry
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Dispersion

Digital signals are sent as pulses which can be decomposed into sinusoidal 
components using a Fourier series

For a realistic medium, the wave traveling speed changes with frequency

The pulse spreads out as it propagates and results in degradation of signal.
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Scattering parameters

2 Port 
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The relation to reflection (I)
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The relation to reflection (II)
1V
+

1V
-

S11

S21

S12

S22 Z0

If the port 2 is 
connected to a Z0 load

2 0V + =
2V
+

2V
-

1
11

1

VS
V

-

+= = G

Suppose the network is
100 Ω

50 Ω 50 Ω

11
150 50 1
150 50 2

S W- W
= G = =

W + W

100 Ω
50 Ω 50 Ω1 11

1 12
S é ù
= ê ú

ë û

Voltage =1+Γ Voltage =(1+Γ)/3

  
S21 =

1+ Γ
3

= 1
2



Shift of reference plane
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12-parameter calibration



The way to determine parameters

Connect load at port 1
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Port 1 open and short
Connect open at port 1
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( ) ( )

11 11

11 11

1 1
1 1S

S O S S
E

S S S O
-

=
+

( ) ( )
( ) ( )
11 11

11 11

2 1 1
1 1RT

S O S S
E

S S S O
=

-



Port 2 open and short
Connect open at port 2

0
22 1S =

Connect short at port 2
0
22 1S = -

( ) ( )22 222 2
1 S

RT RT

E S O S O
E E¢ ¢

¢
+ =

( ) ( )12 122 2 XS O S S E ¢= =

( ) ( )22 222 2
1 S

RT RT

E S S S S

E E

¢
+ = -

¢ ¢

( ) ( )
( ) ( )

22 22

22 22

2 2
2 2S

S O S S
E

S S S O
-¢ =
+

( ) ( )
( ) ( )
22 22

22 22

2 2 2
2 2RT

S O S S
E

S S S O
¢ =

-



Through
Connect through at port 1 and port 2

0 0
12 21
0 0
11 22

1
0

S S
S S

= =

= =

( ) ( )11 211 S
RT TT

S T S T
E

E E
+ =

( ) ( )21 11
L

TT RT

S T S T
E

E E
=

( ) ( )22 121 S

RT TT

S T S T
E

E E
¢+ =

¢ ¢

( ) ( )12 22
L

TT RT

S T S T
E

E E
¢ =

¢ ¢

( )
( )

21

111
TT

S
RT

S T
E

S T
E

E

=
+

( )
( )

12

221
TT

S

RT

S T
E

S T
E

E

¢ =
¢+

¢



Through

Once

   

S11

ERT

→ S11

S21

ETT

→ S21

S12

′ETT

→ S12

S22

′ERT

→ S22

, , ,RT TT RT TTE E E E¢ ¢ are determined, one may redefine

   
EL =

S11 T( )
S21 T( )

   
EL
′ =
S22 T( )
S12 T( )

Then all the 12 parameters are determined



ABCD matrix

1 2

1 2

V VA B
I IC D
æ ö æ öæ ö

=ç ÷ ç ÷ç ÷
è øè ø è ø

Z

Y

V1 V2

I1 I2
Also called ray transfer matrix

It is a type of ray tracing 
technique used in the design 
of some optical systems

In microwave engineering, we 
may define



ABCD matrix for elements
For Z=0

1 0
1

A B
C D G
æ ö æ ö

=ç ÷ ç ÷
è ø è ø

1 2V V=

1 2 2I I GV= +

For Y=0

1
0 1

A B Z
C D
æ ö æ ö

=ç ÷ ç ÷
è ø è ø

1 2 2V V ZI= +

1 2I I=

1 1

1 1

A B
C D
æ ö
ç ÷
è ø

2 2

2 2

A B
C D
æ ö
ç ÷
è ø

A B
C D
æ ö
ç ÷
è ø

1 1 2 2

1 1 2 2

A B A BA B
C D C DC D
æ öæ öæ ö

= ç ÷ç ÷ç ÷
è ø è øè ø

Two elements connected in series



ABCD matrix for transmission lines

( ) z zV z V e V eg g-
+ -= +

( ) ( )
0

1 z zI z V e V e
Z

g g-
+ -= -

The solutions to the transmission lines

V1 V2

I1 I2

( )2 0V V V V+ -= = +

( ) ( )2
0

10I I V V
Z + -= = -

2 0 2

2
V Z IV+
+

=

2 0 2

2
V Z IV-
-

=

l



ABCD matrix for transmission lines

( ) ( )

( ) ( )
0

0

cosh sinh
1
sinh cosh

l l Z
A B

l lC D
Z

g g

g g

æ ö
æ ö ç ÷=ç ÷ ç ÷è ø ç ÷

è ø

( )

( ) ( )

1

2 0 2

2 0 2

2 2
cosh sinh

l l

l l l l

V V l V e V e

e e e eV Z I

l V l Z I

g g

g g g g

g g

-
+ -

- -

= - = +

+ -
= +

= +

( )

( ) ( )

1
0 0

2 2
0

2 2
0

2 2
1
cosh sinh

l l

l l l l

V VI I l e e
Z Z

e e e eV I
Z

l V l I
Z

g g

g g g g

g g

-+ -

- -

= - = -

- +
= +

= +



Homework II
Ch6
42, 47, 56, 59

Ch10
13 15 16 21


