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Hydrogen spectral series

Ba-a Pa-a Bra Pf-o Hu-a
L 1
visible
100 nm 1000 nm 10 000 nm

https://en.wikipedia.org/wiki/File:Hydrogen_spectrum.svg

https://franklyandjournal.wordpress.com/2016/07/18/hydrogen-spectrum/

397 410 434 486 656

Wavelength /nm Balmer Series for H
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Photon emission spectra of
excited hydrogen

E=00¢eV \
n=o0
E=-0.544 eV n=>5
E=-0.850eV n=4
E=-1512¢V l Yvy o _;
Paschen
E=-3401¢V vYvyy n=2
Balmer
A1 =0.656 um
Ap=10.091 um
Lyman
A1 =0.122 um A E_h\/
Ao =0.091 um

E=-13.606 ¢V YYVYVY n=1



Quantization of angular
momentum

® Bohr postulate, 1913

® for circular orbit, angular
momentum takes on values of

L =nh

® Atoms are observed stable and
the total energy remains
constant

Proton Velocity,

Radius, r



Bohr’s model

2 2
® The forces are balanced _Z¢” _ Vv°

4me,r’ r

® apply quantization condition  mvr=nh

Ze’ . 'k’
=myr=
4re, mr
® orbit radius
242
n-h
r =47me, ;
mze

r=53x10""m (Z=1) Bohr radius



Bohr’s model

® energy of circular orbits
1

K=—m’
Z2
V=--2 = 2K
dme,r

® Quantization of energy

V Ze* m

E=K+V=——">=— =——
2 STE,r 2



atomic structure

A dimensionless “magic” constant relating

h, c, e and &
2
e 1
a j— ~
dre,hic 137

in terms of o o -
p__1lm o c __p L

mc/Zao. Z
Rydberg energy R, = Emazcz =13.6 eV

Bohr radius ao =0.053 nm



reduced mass

® the one-electron atom contains two
particles

MI !




Sommerfeld rule

® For any physical system in which the
coordinate are periodic functions of time,
there exists a quantum condition for each

coordinate
Cﬁpqdq =n,h

® When choosing the angular coordinate

Cﬁpqdqﬁg")LdG L =nh



application to SHO

the SHO is a periodic motion.

With constant energy, it goes in an elliptical
trajectory in phase space

The quantum condition requires that elipse
area is nh Px
A

area= 1x,p, = 2E/kN2mE
=2nE/w (

We get energy quantization
E = nho E=L 4




interpretation of the rule

® |t describes the standing wave condition

¢, +¢, =2nm 31+L2:n

A
% i j> o |f velouty changes
—n

® Apply de Broglie postulate

piL+ p,L, = nh EpiLi =nh



Schrodinger equation in 3D

2

P

® in 3D system H=——+V(r)

® /I mMass

24

® momentum operator in 3D

ho ho ho
p=(p.pp)=(22. 2222

i 0x idy i0dz

® Schrodinger equation

hZ

0 J9° 9

_2“

|

o 9y 92

}//(x,y,z)+V(x,y,z)vf(x,y,z)=El/f(x,y,z)



Central potential

® central potential problem
V(r)=V(r)

separable in spherical coordinate

® kinetic energy in spherical coordinate

/7 I R R & o,
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Easy way to memorize
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| st derivative terms
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Schrodinger equation

o,
22" v (r.0.0)+V (r)y (r.0.9)= Ey (r,0.9)

radial part

— T

_ n” [ L d (rz a_llfji_ L 9 (sin@awj+ ! azw}+V(I’)‘I/(F,9,¢)

r*sin@ 00 00 ) r*sin° 6 0¢°
= Ey (r,6,0) T

angular parts contain in this term



Separation of variables

® separation of variables

v (r.0.9)=R(r)Y(6.9)

2 2
I Y2 d (rzd—Rj+ 2]? 0 (sin@a—yj+ ; 1?2 0 12/ +V(r)RY
2| r dr\_ dr ) r”sinf 00 00 ) r°sin” 6 d¢
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separation constant

Rdr\' dr) ®
1 |0 ( ay) 1 9°Y
+— SIN0 — |+ — ~1=0
Ysin@| 00 00 ) sinf d¢

1 i(rz dR)- 21 BY=1(141)
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1 d (ﬂ dR)_z,ur (v-E)
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1 0 oY 1 9°Y
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Here we choose the constant to be (/+1)



Angular equation

2
sinH%(sinGg—g) + g; =—[(l+1)sin’ Y

Y (6.0)=06(0)2(¢)

2
lsiné?i(sin(9@)+l(l+1)sin29+ld ?z
o " o\ """ ao ® do

lsint%Pi(sin0@)+l(l+1)sin2(9=mz
@  d6 do
1 d*® )
®dp*
Here we choose the constant to be

0



(P equation

® equation for ¢ ‘é;’ I
® boundary condition (9 +27) = D(9)
® solution D =™ m=0,+1,+2



O equation

sin@i(sin9@)+ [(I+1)sin’ 60 = m*©
do do

d 1 d
° — c0sO a__ 1 a
let  x=cos dx  sin@ do
i[(l—xz)@}l(lﬂ)@:mz@

dx dx

® The solutions are special functions, called
associated Legendre functions

©(0)=P"(cosB)



Legendre polynomials

® Associated Legendre functions can be
generated from Legendre polynomials P

P"(x)= (1_x2)”“(%jma(x) m>0 B (x)=F"(x)

® | egendre polynomials are

i h{ i

called Rodrigues formula



® |t is easy to check Pi(x) satisfies







limitations on | and m

® | should be non-negative integers [=0,1,2, -
® if m|>l le(x)ZO

® possible values of m=-1,-1+1,---,0,---1—1,1



Legendre polynomials

Po(.’c) =1
Pl(.'L‘) =T

Py(z) = 3(32° = 1)

Py(z) = 5(52° — 3z)

Py(z) = 1(352* — 302” + 3)
Py(z) = (632" — 702° + 15z)

Pn(X)

Pg(z) = ;5(2312° — 3152* + 1052° - 5).

0.5

-0.5

legendre polynomials

Po(x)
P1(x)
P2(x)
P3(x)
Pa(x)
| PS(X)

0.5

wikipedia




P)(cosf) =1

P} (cosf) = cos @

P} (cosf) = —sinf

P{(cosf) = 5(3cos’ 0 — 1)

P} (cosf) = —3 cos fsinf

P?(cos #) = 3sin* §

Py (cos0) = 2 (5 cos® 6 — 3 cos 6)
P} (cos6) = —3(5cos” § — 1) sin 6
P2(cos#) = 15 cos fsin” 6
P3(cosf) = —15sin® @

P{(cos 0) = 5 (35 cos” 6 — 30 cos” 6 + 3)

P(t)

fa

P(#)

f

Pl
A
K
A2




Spherical harmonics

® normalized wavefunctions Y are called
spherical harmonics

[I¥Y]*singagdg =1

20+1(1—m)!
4w (l+m)!

1/2
} P"(cosB)e™

r(00)=(17 |

® |:azimuthal quantum number

® m:magnetic quantum number



Hydrogen atom

® attractive Coulomb potential
Ze’
4me,r

V(r)z—

® Differential equation

Pl 9° 20 I(I+1 Ze”
|: ( ) : Rnl (r) = ERnl (l")

— + — — R —
2ulor* ror  r’ }”l(r) Are,r

{az 20 +2“[E+ ze —hzl(”l)ﬂ&l(rho

R _I_ —
o’ ror R dre,r  2ur’



Scaling

® choose the scaling factor for length

I _ J8U|E] _ J-8UE
h h

E <0
Xo
| | r J-8uE
® dimensionless length p== :\/hT
0

1 0 129 2u Ze*  Wl(l+1)
- —+ +—-| E+ R(p
x; 0p° x; pdp h A7e X, P 2ux0p

0 2 0 2 Z ll+1
|: +____ ;uxoe_(2 :|(P

dp° padp 4 W dme,p P

7 29 1 A I+1
|: TS T T ( 2 ):|R(p)=0
pdp 4 p p



Characteristic length

® characteristic(eigen) length

_2u x,Ze’ _2u Ze” h

R 4Ame, R Ame, \-SUE
_ Ze” / u
dre,h N -2E

puc’ _ R4me A a,A

A

X. =
" 2uzet  2Z

® fine structure constant

e’ 1

O = =
dre,ch 137




asymptotic behavior

® when p-ow

2 S s 2 1D ()0




asymptotic behavior

® when p-o0

{az +%i_l+&_l(l+l):|]g(p):0

. 7 20 _l(l+1) ~
|:ap2 pap pz (p)—()
R(p)e<p
s(s—1)+2s—1(I+1)=0 s(s+1)=1(1+1)

s=[ Or s=—-1—-1



asymptotic behavior

e differential equation for G

@ 29 1 2 z(z+1)} o
——+— e ""G(p
[ap pap 4 p p’ (p)

— o P2 82_2 _ e P2 a_G+ le—p/2G
ap ap
te PP zg—(;—e_p/z ;G {—i+%— l(lpt 1)}6_”/2G

2
PG _ 8G+28G_lG+[l z(ltl)}GZO
dp~ dp pdp p p P

3G (1__]8G {/1—1_1(14;1)};:0

dp” p)op | p p




asymptotic behavior

® owing to the behavior of R at small p

G(p)e<p'=p'H(p)

82
dp

2 —_— R

J {A 1 1(1+1)

>p'H (p)- (1——ja—p1H(p)+ P }pH(p) 0

2 2

ap ap p p)ap U p)p p p
2
ai1+£21+2 1]8H A=l=1. 4
dp p dp p

® We will take the similar approach with that in
Chapter IV to discuss the possible eigenvalues



power series expansion

® Here we consider the approach of power

series expansion for the differential equation

2
8[721 (21+2_1jaH+A—1—1H:O
dp p dp p

® assuming  H(p)=Yap
k

dH d’H
=S k k=1 =N (k=1 k=2
dp ; a,p dp2 ; ( )akp

z‘k(k—l)akpk_2 +2(21+2 —1Jkakpk1 + )’_l_lzakpk =0
k k p P &

Y [k(k-1)+k(20+2)]ap >+ D (A-1-1-k)a,p*" =0



recursion formula

® rearrange the order

Y (k+1)(k+21+42)a,,p + D (A-1-1-k)a,p"" =0
k

k

® The coefficients

(k+1)(k+20+2)a,,, +(A-1-1-k)a, =0

a,  k+l+1-4

a, (k+1)(k+20+2)




recursion formula

2 1

® when k is large, it behaves as

%_
Ay
(e
kNk-1)\k-2) k!
1
H(p)=D.ap" = CZEP’{ = Ce”
k k :
; _P _pP P
in general cases, R(p)=c2p'H(p)~CplePe > =Cple?

diverges when p is large



termination of series

we want a reasonable solution which is
finite at infinite p a,,, =0 for some k

It restricts the value of 4 A=(1+1),(2+1)-

A=k+Il+1=n

n is called principle quantum number

some properties PR
k>0 >[+1 2k

2 nzt-+ 2 2

E=—uc Z°o



Numerical method-|

h*4re,

® another way of scaling, Bohr radius ¢, = 17

® rewrite the equation p=—

_h_z[d_z 2d I(I+1)

+_
dr*  rdr r’

2u 4re,r

[ d* 24 I(I+1) 2 uze* 2
—— R, (r)- R, (r)==--ER

I er rdl” r2 i| nl(r) 47'[80h21” nl(r) hZ nl(r)

0> 29 2Z I(l+1) 2Ua;
_ =Y R = O ER



Numerical method-2

® normalization condition

[loR(p) dp=]|fdp=1  f=pR(p)

® The equation for f

82

~ 2Z I(1+1)
ap

2f(p){ 2 }f(p)#f(p)

PP

P R " 8en?

y

%
A:2uaOE:E R Ue



Numerical method-3

® Define the hermitian operator satisfying

0> 2Z I(I+1)
2 + 2

p- p P

O|f)=Alf) 0=-

® |f write the solution with a column vector
with linearly spaced coordinate r;.-p;=4p

R

PR(p)) S0 o

pR(p,) P
f(p)=| p; :(pg) a5~ (o] s =



20

15

10

05 |f

0.0

Numerical method-4

I=0

=6
- n=5

n=4

60 80

100

n=3

eigenvalues

-0.99937578~ |
-0.2499605 ~ | /4
-0.10921206 ~1/9
-0.06246099 ~1/16
-0.03998396 ~1/25
-0.0277305 ~1/36
-0.01921007 ~1/49




mass difference

the mass of a deutron(lpln) is twice of a
proton

Eigenenergy and transition frequency scale

as [= mM — m
m+M
M

small difference of transition energies for a
deuterium(epn) and a hydrogen(ep)

m m
,LLD:me£1—2 - ] Hﬂzme(l——ej
m, m,




Proton size puzzle

® to study the spectrum of a muonic
hydrogen (Hp)

® muon mass ~ 270 me

® a muon orbits much closer than an
electron to the hydrogen nucleus, where it

is consequently much more sensitive to the
size of the proton.
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degeneracy

energy only depends on 7
n=k+I[+1

since k is an integer, the number of possible
kis n (from /=0, 1, ....n-1)

for each /, there are 2/+1 states (m=-I, ....[)
total degeneracy !

Y 2i+1=n’
[=0



spectrum

-
I
A

>
1
w

=0
k=0 k=1 k=2

n=|




ground state

e n=I,/=0 (k=0) G- "+

a, (k+1)(k+20+2)

® only ao exists

radial angular

H ( p) =1 Y,, = cosntant

R(p)=e""



| st excited state

o B Ay k+1-1
o n—2, =0 (k_l) a, _(k+1)(k+21+2)

a, =1

__l radial angular
4= 2 H(p):1—§ Yo
a, =0

® n=2I=1 (k=0) .. dial angular

H(p):l Y119Y10’Y1—1



2nd excited state

® n=3,l=0 (k=2) a, =1 a,., k+]—2
=1 a,  (k+1)(k+20+2)
ol
6 radial angular
a,=0 o
H(p)zl—p'l'_ YO()
® n=3,I=I| (k=1I) 0
a, =1 D
1 H(p)=1-7 VYoo Yoo
CZIZ—Z



associate Lagurre
polynomials

® The radial eigenfunctions are called
associate Lagurre polynomials

H(p)=L""(p)
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05 Probability density = r2|Rpn (r)|?

:
0.4 Hi
I
0.3 ! | Ground state
! n=1
|
0.2 I [=0
|

0.1 Dashed line : Radius by Bohr's quantum theory

o
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5 10 15 2
r/a, (o :Bohrradius)

http://ne.phys.kyushu-u.ac.jp/seminar/MicroWorld2 E/
2Part3 E/2P32 E/hydrogen atom E.htm




wikipedia

Hydrogen Wave Function

Probability density plots.

2 :‘(117/ 1)! )
— — ],
m(7,V, ) \f (n ) 2n[(n +1) ] AR CACHD

3,1,1)

_—

<

o

Al
(3,1,0)

.:.

1©)
Aeed

—_~
-
J—‘

=]
~

J
<@

-
-






