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6DPSOLQJ�ZLWK�UHSODFHPHQW
:KHQ�VDPSOLQJ�ZLWK�UHSODFHPHQW��\RX�SXW�EDFN�
ZKDW�\RX�MXVW�GUHZ��

Ŏ ,PDJLQH�\RX�KDYH�D�EDJ�ZLWK���UHG����EOXH�DQG���
RUDQJH�FKLSV�LQ�LW��:KDW�LV�WKH�SUREDELOLW\�WKDW�
WKH�ƉUVW�FKLS�\RX�GUDZ�LV�EOXH"�

Sampling with replacement

When sampling with replacement, you put back what you just drew.

• Imagine you have a bag with 5 red, 3 blue and 2 orange chips
in it. What is the probability that the first chip you draw is blue?

5  , 3  , 2  

Prob(1st chip B) =
3

5 + 3 + 2
=

3
10
= 0.3

• Suppose you did indeed pull a blue chip in the first draw. If
drawing with replacement, what is the probability of drawing a
blue chip in the second draw?

1st draw: 5  , 3  , 2  

2nd draw: 5  , 3  , 2  

Prob(2nd chip B|1st chip B) =
3

10
= 0.3
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Ŏ 6XSSRVH�\RX�GLG�LQGHHG�SXOO�D�EOXH�FKLS�LQ�WKH�
ƉUVW�GUDZ��,I�GUDZLQJ�ZLWK�UHSODFHPHQW��ZKDW�LV�
WKH�SUREDELOLW\�RI�GUDZLQJ�D�EOXH�FKLS�LQ�WKH�
VHFRQG�GUDZ"�
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Ŏ 6XSSRVH�\RX�DFWXDOO\�SXOOHG�DQ�RUDQJH�FKLS�LQ�
WKH�ƉUVW�GUDZ��,I�GUDZLQJ�ZLWK�UHSODFHPHQW��ZKDW�
LV�WKH�SUREDELOLW\�RI�GUDZLQJ�D�EOXH�FKLS�LQ�WKH�
VHFRQG�GUDZ"�

Sampling with replacement (cont.)

• Suppose you actually pulled an orange chip in the first draw. If
drawing with replacement, what is the probability of drawing a
blue chip in the second draw?

1st draw: 5  , 3  , 2  
2nd draw: 5  , 3  , 2  

Prob(2nd chip B|1st chip O) =
3
10
= 0.3

• If drawing with replacement, what is the probability of drawing
two blue chips in a row?

1st draw: 5  , 3  , 2  
2nd draw: 5  , 3  , 2  

Prob(1st chip B) · Prob(2nd chip B|1st chip B) = 0.3 ⇥ 0.3

= 0.32 = 0.09
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Ŏ :KHQ�GUDZLQJ�ZLWK�UHSODFHPHQW��SUREDELOLW\�RI�
WKH�VHFRQG�FKLS�EHLQJ�EOXH�GRHV�QRW�GHSHQG�RQ�
WKH�FRORU�RI�WKH�ƉUVW�FKLS���

Ŏ ,Q�DGGLWLRQ��WKLV�SUREDELOLW\�LV�HTXDO�WR�WKH�
SUREDELOLW\�RI�GUDZLQJ�D�EOXH�FKLS�LQ�WKH�ƉUVW�
GUDZ� 

Ŏ :KHQ�GUDZLQJ�ZLWK�UHSODFHPHQW��GUDZV�DUH�
LQGHSHQGHQW��

Prob(B |B) = Prob(B |O)

Prob(B |B) = Prob(B)nnrnnn.at draw
Èdraǘependae



,QGHSHQGHQW�DQG�LGHQWLFDOO\�
GLVWULEXWHG

Ŏ $�VHTXHQFH�RI�UDQGRP�WULDOV�LV�LQGHSHQGHQW�DQG�
LGHQWLFDOO\�GLVWULEXWHG��L�L�G���LI�HDFK�WULDO�KDV�WKH�
VDPHcSUREDELOLW\�GLVWULEXWLRQcDV�WKH�RWKHUV�DQG�DOO�
DUH�PXWXDOO\cLQGHSHQGHQW��

Ŏ 'UDZLQJ�E\�VDPSOLQJ�ZLWK�UHSODFHV�LV�L�L�G��

Ŏ 3UHIHUUHG�E\�PRVW�RI�WKH�VWDWLVWLFDO�DQG�PDFKLQH�
OHDUQLQJ�PHWKRGV�GXH�WR�LWV�VLPSOLFLW\�

randomsample

replacement



6DPSOLQJ�ZLWKRXW�UHSODFHPHQW

:KHQ�GUDZLQJ�ZLWKRXW�UHSODFHPHQW�\RX�GR�QRW�SXW�
EDFN�ZKDW�\RX�MXVW�GUHZ���

Ŏ 6XSSRVH�\RX�SXOOHG�D�EOXH�FKLS�LQ�WKH�ƉUVW�GUDZ��
,I�GUDZLQJ�ZLWKRXW�UHSODFHPHQW��ZKDW�LV�WKH�
SUREDELOLW\�RI�GUDZLQJ�D�EOXH�FKLS�LQ�WKH�VHFRQG�
GUDZ"�

Sampling without replacement

When drawing without replacement you do not put back what you
just drew.

• Suppose you pulled a blue chip in the first draw. If drawing
without replacement, what is the probability of drawing a blue
chip in the second draw?

1st draw: 5  , 3  , 2  
2nd draw: 5  , 2  , 2  

Prob(2nd chip B|1st chip B) =
2
9
= 0.22

• If drawing without replacement, what is the probability of
drawing two blue chips in a row?

1st draw: 5  , 3  , 2  
2nd draw: 5  , 2  , 2  

Prob(1st chip B) · Prob(2nd chip B|1st chip B) = 0.3 ⇥ 0.22

= 0.066

42
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Ŏ ,I�GUDZLQJ�ZLWKRXW�UHSODFHPHQW��ZKDW�LV�WKH�
SUREDELOLW\�RI�GUDZLQJ�WZR�EOXH�FKLSV�LQ�D�URZ" 

Ŏ :KHQ�GUDZLQJ�ZLWKRXW�UHSODFHPHQW��WKH�
SUREDELOLW\�RI�WKH�VHFRQG�FKLS�EHLQJ�EOXH�JLYHQ�
WKH�ƉUVW�ZDV�EOXH�LV�QRW�HTXDO�WR�WKH�SUREDELOLW\�
RI�GUDZLQJ�D�EOXH�FKLS�LQ�WKH�ƉUVW�GUDZ��

Sampling without replacement

When drawing without replacement you do not put back what you
just drew.

• Suppose you pulled a blue chip in the first draw. If drawing
without replacement, what is the probability of drawing a blue
chip in the second draw?

1st draw: 5  , 3  , 2  
2nd draw: 5  , 2  , 2  

Prob(2nd chip B|1st chip B) =
2
9
= 0.22

• If drawing without replacement, what is the probability of
drawing two blue chips in a row?

1st draw: 5  , 3  , 2  
2nd draw: 5  , 2  , 2  

Prob(1st chip B) · Prob(2nd chip B|1st chip B) = 0.3 ⇥ 0.22

= 0.066

42Prob(1st chip B) ⋅ Prob(2nd chip B |1st chip B) = 0.3 × 0.22
= 0.066

Prob(B |B) ≠ Prob(B)



Ŏ :KHQ�GUDZLQJ�ZLWKRXW�UHSODFHPHQW��GUDZV�DUH�
QRW�LQGHSHQGHQW���

Ŏ 7KLV�LV�HVSHFLDOO\�LPSRUWDQW�WR�WDNH�QRWH�RI�ZKHQ�
WKH�VDPSOH�VL]HV�DUH�VPDOO��,I�ZH�ZHUH�GHDOLQJ�
ZLWK��VD\���������FKLSV�LQ�D��JLDQW��EDJ��WDNLQJ�
RXW�RQH�FKLS�RI�DQ\�FRORU�ZRXOG�QRW�KDYH�DV�ELJ�
DQ�LPSDFW�RQ�WKH�SUREDELOLWLHV�LQ�WKH�VHFRQG�
GUDZ��

Ŏ 6R��GUDZLQJ�ZLWK�UHSODFHPHQW�LVQ
W�PXFK�
GLƈHUHQW�IURP�GUDZLQJ�ZLWKRXW�UHSODFHPHQW�ZKHQ�
WKH�SRSXODWLRQ�VL]H�LV�ELJ�HQRXJK�

PCBIB 299 ⼆二0.2993_ 0.3 PCB

wnnnrnrne ⼤大致咪
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