Angular momentum




commutation rules
L | =i, [J2,,]=0

® This rule is general, and is not restricted to
the orbital angular momentum of a single
particle.

® |2 and J; are chosen as the compatible
observables to be diagonalized
simultaneously.




eigenkets

® The simultaneous eigenkets are called
ljm>, and the eigenvalues are defined by

T jm) = j (G +1)] jm) S| jm)= m| jm)

why? we will see later




raising and lowering operators

® Define two non-Hermitian operators
J,=J til,
J, =J!

® the commutation rules
(7.7 |=|J,+id,,J,—id,|==2i|J,.J,|=2J,
(.. 0| =1, +id, 0| =—id, -, =—J,

|7 1) =1, -1, 0, |=-i1,+J,=J_

I | =[01i,,07 =0




JJ =(J,+id,)(J,—id,) =T+ T2 =ilJ, ], | =0 T3+ T,

JJ.=JJ -1 J |=0-J5-1J,

® Because |J..J7|=0 o, )=J,|jm)
Jz‘ai>:Ji‘]2|jm>:j(j+1)‘ai>
Lle =110, =15} jm) = {70, £ 1.} jm)
_(m 1), jm)=(m £ 1]t
® Thus j |jn) are eigenkets of J> with

eigenvalue j(j+1) and J3 with eigenvalues

m| .| jm)=a| jm 1)




® Jo determine a+

(m| T T jm)=a,] (jm£1] jm+1)
=(jm|J" = J3F 3| jm)
=j(j+1)—m(m=1)

® We choose phase convention so that

‘ai‘z :j(j+1)—m(mil)

aiz\/j(j+1)—m(mi1)
\/(j—m)(j+m+1)

a. \/(j+m)(j—m-|—1)

a,




the constraint on m
(jm|J?| jm)y=j(j+1)=0
(m|J} + T3 jm)= j(j+1)—m* 20
m”> < j(j+1)

® The right-hand side of this last equation
must vanish when m reaches its limiting
values

0=/ji(j+1)—m (m +1)  m =]

0=i(j+D)-m(m 1) M7

this is why we use j(j+1)




the constraint on |

® Assume mp is an allowed eigenvalue, k some
integer, and consider (J+)Xjmo>.This is
proportional to |jmo+k>, which must for
some k satisfy the condition mo+k=ms.

® By the same argument but using (J.)ljmo>,
it must be that mo-I=m<=-m>, where | is
another integer.

® Hence k + 1 =2m> =2j must be an integer.




Spectrum

® The eigenvalues of J? are j(j + |), where
j=0,1/2,1,3/2, ---

® Given j, there are 2j + | eigenstates of |3
with eigenvalues m =j, j-1,..., j+1, +j.




® The whole space can be constructed once

one of its members is known
1

(j+m)! 2 j—my ..
2G| )

| jm)

1

L Gmm) P ey
|21+ m) ()=




int j vs. half-int |

® [he state under a rotation about the z-axis
D| jm)=e " | jm)=e""| jm)

® For a complete rotation through 8=2Tr,
this state will not change if j is an integer,
but will change sign if j is half-integer.

® States of integer angular momentum are
single-valued under rotation, whereas states
of half-integer- angular momentum are
double-valued under rotation.




Introduction of L

.
| (0 9
® using p-operators L=~ Y9z “ay,
h(.9 9
L=—zz——x—
Y i(zax x@z)

(o J
L == x—0—y—
) i(xay yaxj

® |n spherical coordinate

L = ih(singoa% + cothos@%j

L = ih(—cosgoa%+cot98in(p%j



coordinate transformation

® the operators in spherical coordinate

® We express the components of angular

momentum to be x=rsin@cose

L. =xp,—yp, y=rsin@sin¢g
h( d %, j z=rcosf
X——y—
dy ~ ox r=x"+y +z°

9 _0rd 000 30
ox  ox ar ox 80 dx d¢
9 _0rd 09 239

dy dyor 0yo0 dydo tang =

cosf =

= I’ N |~



calculation

ar x a_ y ar z
ox r dy r dz r
00 dcosf dO 1 9 (z) z Or Xz _ cos@cos¢
ax_ dx dcos6 _sm98_(;): >sin@ ax_ rsin® r
06 dcosf dO 1 9d(z) z Or_ yz _cosBsing
dy 9y dcosf  sind B_(;) ~ sinb dy rsinf r
d8 dcosf db Z or x4y’ sin @
9z 9z dcos  sin@ az(_) rsm@ r sm@ 9z risin® -
dp Jdtan¢ d sin
ai: ax¢dta(fl¢—cos ¢8X(X):_COS ¢)i; - rsin¢9
dp _Jdtang dp _ — cos’ 0D 0 (y\ B cosqul _ cc?scp
dy  dy dtang oy\ x x rsin@
w_,

0z



L operators in 0, ¢

i 0 d

_L —_ ) —_— —

h yaz Zay
_[or o 898 8(1) 8r8+898 ¢ o
“M %z0r 9200 T9z90 ) \ayor 0yae 9y ae
_(z 0 sin6 8) y o +cos@sin(p 0 tcos ¢li
—) ror  r 00) \ror r 00 X 0¢
_(.sin@ cos@sing 2,20
e
:—sin(p%—cothoscp%

L. =xp,—yp,

hxi_i )
Jy Y ox 18(;5

%Ly = COS(pa%—cothin(p%

all these calculations can
be done by sympy



P02

ot Tox oz
_, 8r8+898+8¢8 . 8r8+898+8¢8

oxor 0dxdf Jxdp dzor 09z d0 0z dp

_[x 9  cosBcosp 9 2li_(§8_sin98)
° r8r+ r 0 ‘sz aqb] rar T e
_(.sin@ cos@cosp\d  , yz d
_(x ; +z ; jae cosS (sz 3
= CcosS(p— —cotfsin—

6 0



I'=L+L +L

1 0 J 1 0
I =p| - ng- |-
{ gneae(ﬂn 80) snfea¢{]

V? —ii(rzi)+ L 9 (sin@ 0 j+ ! J
o dr ) r’sin6 06 00 ) r’sin’ 8 d¢’

> 20 1L2

Vie—+=—+
or* ror hr’




Schrodinger representation

® the Schrodinger representation of the
angular momenta,

L3 >
[ 00
L, — iei¢(a%+icot9%)

® The wave function in this expression is
called a spherical harmonic:

(09| jm)=7,,(60)




® the eigenvalue equation for L3 is

(L= (09)=[ 12 m 1. (60) 0

® The solution is

Y, (60)=¢"y,,(6)




The raising and lowering operators give
zero when acting on the states with m = |
and m = -/,
LY, (9¢) =LY, (9¢) =0
d

(E - lcot@)yl,ﬂ (6)=0

the solution is
Y,4(8) = ¢ sin’ (6)

This result eliminates half-integer values of |
as eigenvalues of orbital angular
momentum.




® All the the spherical harmonics for a given

| can be computed from Y by repeated use
of L+

LY, (69)=I(1+1)=m(m+1)Y,,,(69)

® The Yim can be expressed as

Y,mw(p):\/( +m) (= (00)

20)\(1—m)!




® Yim has a function form vy, =¢"f(0)

L o f(e)z—ei<ml>¢(di9+mcotej £(6)

d
dcosB

— ei(m—l)(b Sinl—m 9

| £(6)sin" 6]
® Once again, we can note [ ™ f(g)=¢"*g(0)

® The repetition leads to

(L_Yeﬁwf(e)zeAM%wshﬁﬂ"Q kdk [f(@)ﬁnm91

d" cos6




® The normalization of the wavefunction
Vi 41 (9) = C sin’ (9)
L=(Ulity=|c|"y,.,(0)=|c|" [do|dcososin® 6

(2'11)

21+1)!

=‘c,‘2 471'(
® with the traditional phase convention

(-1) \/(21+1)!

o\ ar

¢




Im ~—

(=1)

(l+m)!

[
-y

A

20)\(1—m)! (L),
(l+m)! .
e sin ™ 0
. = (sinle)
\/(l+m)! 20+1 }
(I-m)\\ 4rn e sin™" 6 ‘.
T (Sin” 9)




® when m = 0 it reduce to the Legendre
polynomial

20+1
Y,, =

41

P(cos0)

® For m > 0, the spherical harmonics are

proportional to associated Legendre
function

¥, = (1)’

(I+m)!20+1
(I-m)! 4n
® For negative m

e™ P" (cos0)




® The spherical harmonics form a complete,

single-valued, and orthonormal set on the
unit sphere.

Zz Y (00)= 5(9—9i)5(¢—¢')

ar— sinf

® addition theorem

[

e ¥, (00)7,,(6.0,)

m=—1

Pn1 n2
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® |et R be the matrix that produces the

rotated coordinates x when acting on the

column vector formed by x

X X
x, |=R| x,

LB Uy
BAE BAOR
Y (n,) =W'RW Y (n)
VL) RELN

=
If

(60)




Spin |/2

® When j=1/2 it is convenient to replace the

2 x 2 angular momentum matrices by the
Pauli matrices

J=—0O
2

SRS RS Y

® The raising and lowering operators




® [he Pauli matrices and the unit matrix form
a complete set of 2x 2 matrices.

® An arbitrary 2 x 2 matrix M can be written
as

my+m, m +im, ]

M=m01+2ml.6i=( .

m,—im, m,—m,




® The commutation relations

(0,.0,]|=2i¢,0

abc™ ¢

{Ga ’Gb} — 26(1[9

0,0,=0,+IiE, O

a abc™ ¢

® quadratic identity
(0,A,)(0,B;)=AB, +ie,0,AB,

(6-A)(c-B)=A-B+ic-(AxB)




® unitary rotation operator
D*(8)=¢ ™ ="

D"(66)oD(60)= (1+%i5&)~6)6(1—%i5&)-6)

D' (80)0,D(50) =0, + %m,. (c,0,-00))

=0,+E,00,0,

D'(60)oD(660)=0+ 6w x o

® O transforms like a vector under rotations
generated by the angular momentum

operator |= 0/2




® |f the components of A commute among

themselves :
(0-A) = A

D
3

oy L ooy L) oy L(0)"
) _2_'(_16)_2”'(2 _l®noddn!(2)

n * n=even *

0 0

= Ccos——IO®sin—
2 2




® This rotation matrix is double-valued

® (Caley-Klein parameters

n = (sin ¥ cosP,sin ¥ sind,cos )

D(R)= cosgl— 'sinanl.Gi

l

COS o_ ising cost?  —isin o sin Ye”
_ 2 2 2
isin o sin e COS o +isin o cos
2 2 2

| a b
b a




® The most general state in the Hilbert space
is described by a density matrix which must
also be expressible in the form

1 1 > 1
p=5(1+P-6) pzzZ(HP-G) =Z(1+2P-G+P2)

Trp=1 Trp’ = %(1+P2)

® P is called the polarization. |P|<=I with IPI
= | being the case of a pure state.

(0)=Tr(po)=P




Addition of angular momenta

® addition of two angular momenta ]| and J>
that belong to distinct, independent degrees
of freedom whose commutators vanish

® The state space in question, S')jd2' is spanned
by products of eigenstates of the separate
angular momenta,

‘j1m1>®‘j2m2>:‘j1j2m1m2>
® the space dimension

d=(2j,+1)(2j,+1)




® The total angular momentum operator is
J=h

® The objective is to construct simultaneous
eigenstates |jm> of | and /..

® Scalars are invariant to rotations so they
are commute to ] and J;.So possible
choices are Ji?, J2? and
1 2 2 2
J-J, :E(J -Ji-J;)
® One may chose [2,J,,]Ji% 2% as the
commuting operators




® QI :given j and jp, to find the spectrum of
permitted values of |

® Ans: j satisfies a triangular inequality
reminiscent of ordinary vector addition,

IR Ve
® The allowed values of j differ by integers.

® For a given j there is only one sequence of
(2j + |) states, with m = j,j-1,..., -j, for each
allowed value of j.




Adding Spins |/2

® The space the addition of two spin is four-
dimensional

1
525(61 +62)

® The allowed values of S are (i) an S = |
triplet with Ms = 1,0,-1;and (i) anS =10
singlet.




The states with maximum IMsl=1, are
|+>||+>2 and |->||->2

Using the lowering operator

S.[IM) =2~ My (Mg £1)| 1M, £1)
The final result for the trlplet
1) =]+),[+),
10)= 5 [11)=—7=(+), 1), +-)]+).)
I=1)=|=),]-),
The singlet

‘OO>: \/5(‘+>1‘_>2 _‘_>1‘+>2)




® Under interchange of the two individual
spin projections, the S=1 spin triplet is
symmetric, while the S=0 singlet is

antisymmetric.

1

§'=2(3+0,-0,)=S(s+1)=" 2 triplet

- 0 singlet

® The projection operators onto the
subspaces of definite S are

1
P=1- ) :4(1_61'62)
2

S 1
P = S = 4(3+61~62)




® operator interchanges the two spins. P2

B,=-F+Fh :%(“'61'62)




Irreducibility

® The (2j1 + 1)(2j2 + |) dimensional space
spanned by the product states
ljim>1j2m2> can be decomposed into
rotationally invariant spaces

(2, +1)®(2j, +1)=(2j, +2j, +1)®(2j, + 2, = 1)---®(2] j, = ju| +1)

® The right side is called the irreducible
space. Irreducibility refers to that within
each of the latter any ket will, under
arbitrary rotations, become a linear
combination of all the kets in that same
space.




Clebsch-Gordan
Coefficients

| ]1]2]m> = Z | j1m1j2m2><j1m1j2m2 | ]1]2]m>

mym,

® the transformation between bases is
unitary,

2<jlmlj2m2| ]m><]m| .]1m1,.]2m;> — 5m1m15m2m§

jm

jm)=8.6,..

Z <]m| Jimy j,m, > <j1m1j2m2

mym,




® All CG coefficients can be computed from
recursion relations

1| my =, (jm) jm % 1)
=J; Z | mym, )(m,ms| jm)

mym,

- Z = (J1m1)| m, + 1,m2><m1m2|jm>

mym,

T Z a. (j2m2 )| my,m, + 1><mlm2|jm>

mym,

\/] ]+1 m+1)

a. (jm)<mlm2|jm F 1> =a. (jlm1 + 1)<m1 + 1,m2| jm>
+a._

(
= ai(j1m1)<ml il,m2|jm>
+ai(j2m2)<ml,m2 il‘jm>

J,m, £ 1)<ml,m2 + 1‘ jm>




® when m=;

0=a_(jm ){m,—1m,|jj)+a_(joj—m){m,m,=1] jj)
® m2=j-mj
a_(jim;)(m, =1, j=my+1] jj) ==a_(jrj—m, ){my. j = m] jj)
® When m|5j)

a_ (i) =1 =+ 1) = =a_ (G = i )i d = di i)

o o mali—a)
Lh-=Lj—j+1j)= — JisJ— L Jj
=1 = i L) == S )






