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Orbital magnetic dipole
moment

® for an electron moving in a circular orbit
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® in classical electrodynamics, it produces a

magnetic dipole moment t B
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Bohr magneton

® The electron also has an angular
momentum

L =mvr

® The dipole moment and L are related to

each other
evr/2 e g,
mvr  2m h
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L

® A constant Bohr magneton is defined
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Gyromagnetic ratio

The constant g is called gyromagnetc ratio
For orbital motion g =1
The magnetic dipole moment can be

written as

. gl:ub L

H= /

The dipole moment and L are in anti-
parallel because of negative charge



Quantum results

® for angular momentum eigenstates

L=1(l+1)h L, =mh
® The dipole moment has

My = A l(l + 1)gl:ub

ul,z — _mglub



Energy in a magnetic field

® A magnetic dipole moment experiences a
torque in a magnetic field

® The force is conservative, and gives a
potential energy



precession

® The torque produces a

change in angular
momentum
T = U,Bsin6
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® Precession angle is
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I = orbital quantum
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Stern-Gerlach experiment

® A stream of atoms moving from the right
passes between the asymmetric poles of a
magnet. Particles with different values of [,
are deflected in different directions. The final
position of the atom determines its M,

[ oc—§ y Is gyromagnetic ratio




spin /2 system

® A particle may have an intrinsic angular
momentum called spin

® Electrons, protons, and neutrons are all
examples of spin-1/2 particles

® |f one measure the z-component S;(or Sy,

Sy) of the spin angular momentum for one
of these particles, he gets

G sl
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Intrinsic magnetic moment

® clectron has an intrinsic magnetic dipole
moment by virtue of its spin

8.1,
u:— > S
h S A A
® gyromagnetic ratio, gs=2 o | B
® Hamiltonian H

ground state

H=—u-B=—gs:bs-B



Spin |/2 system

® for angular momentum S=1/2, there are 2
eigenstates

§ == mS:il
2 2

® we can write the states

Sy, =s(s+1)n’

1
S x.=t—nh
Z%_ 2



commutation relations

® mutual commutation relations for L

Lol J=[wmwpw - w =D ]+ . ]
=—ihyp, +ihp x =ihL,

L,L, |=ihL,

L.L |= inL,

® mutual commutation relations for S
:Sx,Sy: = ihS.

'S,.S, |=inS,

'S..S, |=inS,




raising and lowering
operators

® to show the structure, we define 5. =5, %5,

$°.8. |=[57.8, |+i] 87,8, |=0

8.8, |=[5..8, ]%i| 8.5, |
= ihS, £ hS, = 1S,

® total angular momentum does not change

\5 (S+%i) = (SzS+)%J_r
=(5,8%) 2.+ %8, | 2.
=s(s+1)7° (S, 2.)



meaning of S+

® z-component

S.(S.x-)=(55.)x

Sy =C
=(8,8.)x_+[S..8. ]x. 2-=C.2,
1 1
— —Eh(S_l_%_)‘F h(S+%_) = 5h(5’+%_)
S.(S.x,)=(5.5,) 2.
=(8.5.)x. +[ 5.8, 2. S.x. =0

1 3
= Eh(S+%+)+h(S+%+) = Eh(SJr%JF)

® because (57) must be smaller than (5°)



meaning of S-

® zZ-component

S.(S_x.)=(5.5.)x-

(S8 )x_+[S..S_ |x Sy =0
1

— _Eh(S‘%‘)_h(S_x_) = —%h(S_%_)
(S.5_)x.

(5-8.)x, +[ S-S |x.

%h(s—ﬂﬁ)_h(&)@) = —%h(S_)a)

S.(S.x.)

Sx.=C.x.



eigenstate: spinor

® spinor state(we cannot find spatial functions
for them)

A1) e{r

® any spinor state(normalized)

x=£ Z )=0%+ﬁx

1=(xlx)=( o B (“ )=|06|2+|ﬁ|2
\ (o 5 )

Dirac notation



Operators

® Because of the properties, we can write the
operators

( \
§*= =T S, = ==h
o 3, | 4L01 o 1, | 200
\ 4 K 2 )



Sx and Sy

0O C 0 C
Sx:l(S++S):l( + J Sx:i'(S+_S):l'[ + J
2 2 C 0 21 2if -C 0O

® The hermicitivity of Sx and Sy gives
C,=C

® VWe choose C’s are real. Notice that the

eigenvalues of Sx and Sy are +_

| y
C =C = g nfot szah((,) 0’]
2l 1 0 i



Pauli matrices

. . . 1
® Hermitian operators in 2 level systems S=77o

(o0 1 [0 - (1 0
o, = o.=| o, =
1 O g i 0 0 -1

® Commutation relations
[0,.0,|=2ic, |5..8, |=ihs,

0,=0,=0, = FOo
0 1

® They are anti-commute

lo,.0,}=26,



eigenstates of Sy

® To find the eigenstates for Sﬁ%h( (1’ é ]
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® The eigenequation (

® The eigenevalue @ 4 -1=0 A=t
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Bloch sphere

eigenstates of Sz
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Bloch sphere

eigenstates of Sy




some eigenstates

® TJo find the eigenstates for

Sg=3S.c080+S sinb = CF’SO sin6
sin@ —cos6

® The eigenequation

cos@ sinf uo|_q| u
sinf@ —cos6 % %
® The eigenevalue ;:_1-9 A=+l

® for A=1 cosOu +sinfv =u

( cosg ( sing \
16, )= | ; =cos§|z+>+sing|z_> 6 )= 29 =sing|z+>—cosg|z_>
S1n — —COS—
2 ) K 2 )



rotation in 6

® Suppose we choose a
direction in the xz-plane
that is inclined at an
angle O from the z-axis.
Then the amplitude
vectors

|9+> = cosg|z+>+sing|z_>

. 0 6
|9_> = s1n5|z+>—0085|z_>




more eigenstates

® To find the eigenstates for

—i¢
S¢:chos¢+Sysin¢=[ 0 e )

e’ 0

® The eigenequation

o )

® The eigenevalue A*—1=0 A=+l

® for A=1 u=e* A=-1 u=—-e"v

O L



rotation in

eigenstates of s




General case

® Any rotation in O and ¢ can
be shown that

( 0 )
COSE
0.9,)= o
sin— e"
2 )
( 6
sinE
0,0 )= o
—cos—e
2

are eigenstates of

Sos =S, sinfcosp+S sinfsing+S, cos6=n

S

09



expectation values

<Sx>:<l|5x|%>:%h( o B )( (1) é ]( Oﬁd ]

. %h((x*ﬁ+ Ba)



rotation about z

0 ( 0
| 0 COSE COSE
O 0, = =
oo b 0] A S
SINn—e —SIn—e
\ J k \ y 4
6—6
O—>mT+0

can be viewed as the
rotation about z of TT

also called Pauli-Z gate




rotation about x

( 0 6
0 1 COSE SIHE
c. 10,0, )= =¢"
"|¢+>(10) 0, 0
SIn—e COS—e

6—->nr-0

¢ ——0

rotation about x of TT

also called Pauli-X gate
or NOT gate




rotate about y

.

0 0 6
0 ; COSE —1811156 S1N —
0.0,0. )= - = = —je"
Y| ¢+> { l O ] . 9 0 . 9 9 i
SIn—e 1COS— —COS—e
2 2
N Z
O—->m-0
p—>mT—9

rotation about y of 1

also called Pauli-Y gate




Gate

Transformation on Bloch sphere (defined for single qubit)

n-rotation around the X axis, Z->-Z.
Also referred to as a bit-flip.

n-rotation around the Z axis, X=>-X.
Also referred to as a phase-flip.

maps X->Z, and Z->X. This gate is required to make superpositions.

maps X->Y.
This gate extends H to make complex superpositions.
(t/2 rotation around Z axis).

inverse of S.
maps X->-Y.
(-7/2 rotation around Z axis).

7t/4 rotation around Z axis.

nEEDEDE

-1t/4 rotation around Z axis.




Hadamard (H) gate
1
— -l 1]

1

0

0 <_>|x>zi(1)
1 o2\ -1

® for other states, it acts as a rotation about

z of 1T, followed by a rotation about y of
/2

<)
® |t maps




Phase gate

® Phase gates are defined R¢=[ LY ]

0 €

® when ¢==x Rn:((l) _01] is Pauli-Z gate

® when ¢:§ Rn/zz[é (l) j:ﬁ
rotation about z of T1/2 (called S in IBM Q)

11 V2 0
V2 0 14

(called T in IBM Q)

T

® when 0=1, R =



Square root of NOT gate

ﬁ:l( 1+i 1-i ]

20 1—-1 1+1:

1 1+i 1-i I+i 1-i |_ Ly
4\ 1-i 1+1 -1 1+1 I O

rotation about x of TT/2 also called JNoT



Spin dynamics

. i Ldy _egh
Schrodinger equation lhg—HW—T%G-Bw

If B in z-direction " = am OV
the spinor state w(t)=[ O“(t; ]

for the energy eigenstate w(z)=el‘wf[ Z ]



eigenstate

. . eg| 1 O * |
® eigen equation | o ;| o, |T°

® general solution

l//(t) — ae—i(oot¢+ +b€iw0t¢_ _ (



spin precession

0 )
0 e 1] e
A N

\SNRSS

L e?
® Set initial state to be in x-direction
1 (1
-0 _
¢ l/’(O) \/5( | ]

® for arbitrary time

® The expectation value

<Sx> — lﬁ( eia)ot e—iwot )( 0 1 J[ e—‘lwot ): E(eziwot +e—2iw0t) _ hicos 2600t
272 1 O Py 4 2



Spin precession

B
® The spin precession frequency, s>
called Larmor frequency t=0
Q:2a)0=@:ga)c
2m,

® For B=IT, W~ 09 x 10! rad/s



Paramagnetic resonance

® The magnetic field has a small oscillating
part

B = B,Z+ B, cosmtx
® solve the Schrodinger equation

" d egh BO B1 COSt
ih—y = —— =
dt v 4m,| B, coswt —-B, 4 v

d a(r) _eg B, B, cos w1 a(t)
Ldr b(r) ~4m,| B coswt —B, b(1)
® When B=0 w[ a(0)e™ ]

b(0)e



Paramagnetic resonance

® When B| <> 0, the solution v=y,

® Slowly varying functions A and B
a(t)eiwot :A(t)
b(t)e ™ = B(1)
® Consider how A and B evolve with time

idf;gt) _ d‘;gt) e — a,a(1)e™ = a,a(1)e™ + 0 b(t)cos(@r)e™ — w, A7)
= ,b(t)cos(wt)e™ = w,B(t)cos(wt)e”™ = %a)lB(t)(ez"wOf”wt + i)

. dB l 1 —2imyt+imt —2imyt—iwt — €gB

I di )=5601A(t)(e2 OO 4 @720 ) ®, = 4m1



Rotating wave approximation

® When the driving frequency is close
resonance that

W =20,

® There are rapid oscillating and slow
oscillating terms

® The rotating wave approximation states
that only slow oscillating term is important

iyt +iwt +2imyt—iot H 2iwyt—iwt
(e 0 _|_ e 0 ) ~ ( 0 )



Rabi oscillation

® Jo solve the coupled equation
l,dA(t) 1 l,dB(t) 1

~ B(t 2imyt—iwt ~ A —2imyt+imt
i 20)1 (t)e i 20)1 (t)e
dZA 4 l 10yt —it dB 4 1 TONEITOS
—dtz( )z—5w1e2 0 di )+—a)1(2a)0—a))ez " B(¢)
2
:(&) A(t)+l(2w0—a))dlzgt)
® The solution is Rabi frequency
2

A(t)=A(0)e” —sz(%) - (20, - 0)Q




State evolution

® General solution  A(r)=4,e® +A ™
2i dA(t) 2

B(f) _ e—2iw0t+iwt _ __e—2iw0t+ia)t (A+Q+ei§2+t _l_A_Q_eiQ_t)
@, dt ,
= —l(A+Q+e_’QJ +AQ ™ )
a)l
® Suppose t=0 a(0) |
Y71 b)) |7\ o
® The coefficients L Q
A(0)=a(0)=1 A +A =1 Q —QQ+
B(0)=b(0)=0 AQ +AQ =0 A =



state evolution

® The probability to find the spin pointing in
-z direction is

) =lo o) |(t)r=( j|AQe AQe

( J( ) gl 00.-(3

‘ 2

1

Q. +Q =20,-w
1 cosQ Q
Q -Q = \/(Za)o ~0) +o
[1 cos 2(0 a) +a) t}

20) a) +a)



resonance condition

® when w =2, Q:i%

® The down-spin probability P_(t)=%(1—008w1f)

egb,

® For nuclear spin o=
ml’l




Nuclear magnetic
resonance

Particle |[Spin w'—?’{}‘_"]’/B n/B

Electron || 1/21/1.7608 x 10'1|| 28.025 GHz/T

Proton 1/2 |1 2.6753 x 108 ||42.5781 MHz/T

Deuteron/| 1 ||0.4107 x 108 || 6.5357 MHz/T

Neutron || 1/2 1 1.8326 x 108 [129.1647 MHz/T

2BNg  (|13/21/0.7076 x 108 |[11.2618 MHz/T

31p 1/2 || 1.0829 x 108 ||17.2349 MHz/T

14N 1 |0.1935x 108 3.08 MHzZ/T

13c || 1/2][0.6729 x 108 || 10.71 MHz/T

19F 1/2|| 2.518x 108 | 40.08 MHz/T

900MHz,B=2I.1T



magnetic field in atoms

® clectron spin may have interaction with
internal magnetic field of an atom.

® at the moving frame, the nucleus may
produce a magnetic field

Jp = el Al X7 1l =— 2 a1
A 1 2mr
B ,uolcﬁdl >3<r __Zely v><3r
41 r 4t r .
moving frame
)
-e
-é
rest frame y y
Ze Ze



field transformation

® The B field is related to the Coulomb

electric field

E: Ze i _ — 1

3
Ame, r c’

® This is similar to the transformation in
special relativity




Spin interaction

® The magnetic field produces an energy
change to the electron

M:—ﬁs-é:g;{l‘bg.é

® The energy change transformation back to
the rest frame would be reduced by half

ol

AE: gs:u“b S;
2h




spin-orbit interaction

® Jo combine the two equations and note
that

—

p._F_ldvr
e edrr
~ 1 dV . _ 1 dV - _
b=——F—VXr=—- L L=mrxv
ec’r dr emc’r dr

2 2 2 S;l_:
emc’r dr 2h 2m-cr dr




in solids

® |n semiconductors, the crystal may has
internal electric field E

® The E field produces a B field in the
electron moving frame




Rashba effect

® The Rashba effect states that _

® The spin would precess when moving
forward

y A\ y

i

112z,




FM

or
EM Half metal
or
Half metal
2DEG
or ° Vg
Non-magnetic metal
FM
or
EM Half metal
or
Half metal

2DEG |
or g
Non-magnetic metal



Addition of two spins

® The 2 spin system

® clectron | | 5,,.8,, |=ihs,,

® clectron 2 [5,,.8,, |=ihS,,

5,.5,;]=0  for alli,j



Total spin

® TJotal spin S=S§,+8,

® commutation relation

5.8, | =[S, +5,,.8,+5,, |

= I:Slx Sy ] * I:SZx ’S2y:|
=1hsS, +ihs,,
=1hS,

® Therefor it is easy to find total spin S
satisfies the commutation relation of an
angular momentum



Eigenvalues

® Consider the states using single spinors

® eclectron | S |
=3 e
S, x4 =+ =hy!
® clectron2 2V g0l ( 1 +1)h2%<2)
2N+ 2 2 +
1



product states

® The possible states are (product states)

A SR A A v A
® calculate the eigenvalues
Sy = (8,45, ) 22
=(5.2") 2%+ 2" (8,.2)
= iy

(1)

S 2 =502 =0 SV =—ny

® Two m=0 states



spin triplet and singlet
Spin triplet S=I,m=1,0, -
Spin singlet S=0, m=0

May check using lowering operator s =s_+5,

S, 1" = ny" S = (S ) 2+ 20 (8 a?)

S, =np = (2022 + 2012)

L wo, L0.,0
S=1, m=0 state X, =+ 202



spin triplet and singlet

® One may check the result again

1) (2) 4 0 (1) ,,(2) 1) (2) 4 0 (1) ,,(2)
S_ %— %+ %+ %— — (S1_ _l_SZ_)%— %+ %+ %—

NG N
1 1

=58 2)2 + 52 (827

=27y ®

® The remaining state m=0

_ Lo L 0.0
X—_ﬁ(%— X — X X- )



S =(S,+S,) =S +82+28, -8,

=S, +S5+25,,5,, +25,,S,,+25,.S,.
=S, +S;+8,5, +S,S,, +25..S,.

® check the S? value

X, =51 (22 + 22) 3

3 1 ). (2 (2 3 SlZX—:thx—
2 2
=W )= X,
7 X = 21X
3 X =X

S X, =—h’X,
4

1
5.8 X, = =880, (227 + 22 ?)

77277+ \/5
:LS %(1)5' %(2)_'_ 1 S %(1)5 Z(2)
/2 lzA— P2z + \/5 1zA+ P2z A -

1
SIZS2ZX— = _Z hzx_

1 1 1
NG (22 + 22 X



(8.8, +8. 8, ) (22 = 2%

(Sfo”)(Sz_xf))—%(Sl_xi”)(%w@)

~ 5 (A = ) =X



SZ

® For X+,S5=I

S’°X, =S'X,+S3X, +S5,.5, X _+5.5,.X, +25,5,.X

24+“ 7+ 7727+

= §h2X+ + éth+ +7°X, — lh2X+
4 4 2

=2n’X, =S(S+1)r’X,

® For X.,S=0
S°X =SX +S3X +S5,.5, X +5,.5,.X +25,8, X
3 3 1

=X +=h'X -h'X ——h’X
4 4 2

=0



representation

® product

states

20

%S)%@

x

® total spin
state

Spin triplet Spin singlet
S=1 5=0
2

=

A 00 (1) ,(2)
_1 (1) (2) (1) (2) 2 (X— %-i- _Z-k %_
277+ 22?)
5l J

ARy AR

8888

2y




spin-dependent potential

In many physical systems, two particle
interaction is spin-dependent

the duetron hamiltonian
2 2
H=2 P +V1(r)+%sl-S2V2(r)

- 2m, 2m, N D

S,-S, =%(sz—sf—s§):%sz—§h2

S$? is a good quantum number, but S; is not

for triplet  v(r)=v,(n)+ 1—§)V2(r):Vl(r)+lV2(r)

for singlet  v(1)=v,()+(0-2 () =% ()~ 310



spin-dependent potential

® for deutron, one observes a bound S=1
state and an unbound S=0 state

® for BCS paring, bound state S=0

Lattice of superconducting material Lattice of superconducting material

¢ O O O O O 0 0 ¢ ¢ O 0O 0O 0O O O 0 ¢

© €0 0060606066 ©6666666 6
—@ o—
@ @ doeccfe20e % o0

http://hyperphysics.phy-astr.gsu.edu/hbase/Solids/coop.html




spin singlet and
entanglement

® |n the spin singlet, quantum states are
entangled

® First we do Sx measurement on electron |,
we have 50% to get "+’ and 50% to get -’

® then we do Sx measurement on electron 2,
the result is 100% opposite to the result of
electron |. 4 » |

| v

observed affected
“here” “over there”



How does it work!?

® entangled state w%[( SHEIE U

® the measurement of S« project the state to

an eigenstate of Sy .
|Sx=+>=$( i ]
o 1[0
)
R(+)=[S. =+)(S. =+
® The project operator :%( 1 )%( 1 j



measurement

® Projection result
RIS | 0 1 1( 1 1 0 1

131("')1//:35[ 1 1 )( 0 l( 1 l_ﬁi( 11 j[ 1 jl( 0 l

__ Lo

_2\/5 1 1 1 , 2\/5 1 { 0 2

B O I O B O

V221 ) V2l )

=y’

® The following measurement on Sy, will only

give -’ result

h

SxZI//, — Sx2])1 (+)l// — _El//,



singlet

hd

Sx2

Sx2




® Einstein’s comment: “spukhafte
Fernwirkung” or "spooky action at a
distance



Addition of L and S

total angular momentum

product state  ¥,x.

eigenstate  Jy,, =#j(j+l)y,,
SV j, = PN

. 1
=1+~
eigenvalue  j=l+7

m,=—j—j+l,j=1,j

J=L+S




Addition of L and S

1 1

® case | j=i+5 m=m+s

_\/l+m+1Y N /l—mY
I//j,mj 2] +1 lm%+ 2] +1 lm+1%—

1
® case 2 j=I-- m,=m+—

2
/l—m [+m+1
.=, |—Y + Y




Addition of angular
momenta

J=L, +L,

® possible total angular momentum

j=L+L L+ =1, =1
® possible z-component

m,=—j—j+l-j=1,j



Fine structure

® Consider the total angular momentum
J=L+S J2:(Z+§)2:L2+Sz+zi-§
L-§=1(r-r-s)
2

® For angular momentum eigenstates, we
have

Z-§=%2|:j(j+1)—l(l+1)—s(s+l):|



® The spin-orbital energy is

A= (LN -1 1)-5(5+1)]
jU+1)=1(1+1)=s(s+1) jU+1)=1(1+1)=s(s+1)
:(l+%)(l+§j—l(l+l)—s(s+l) :(z-%j(z%j-z(m)-s(m)
= =—/-1

® The electron energy is on the order of

T
" 8me, \r 8me, a,

2 2 2 \?
. e me _ m e
81e, (47&90712 j 2h* (4%80 j




The spin-orbit energy is on the order of

e < 1 >_ et 1
4m’c’ 4me, \r’| 4m’c’ 4ne, a;
o n € me’ . m e Y
4m*c® 4rme, \ 4me i’ 4c*h*\ 4me,
2
1 ’ 1
=E,—| — =—Ea
2\ 4re,hic 2

2
e 1

" dmehe 137 called fine structure constant







