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Orbital magnetic dipole 
moment

• for an electron moving in a circular orbit

• in classical electrodynamics, it produces a 
magnetic dipole moment

i = e
T
= ev
2πr

B

v
r

µl = iA = ev
2πr

πr2 = evr
2



Bohr magneton
• The electron also has an angular 

momentum

• The dipole moment and L are related to 
each other

• A constant Bohr magneton is defined

L = mvr

 

µ
L
= evr 2
mvr

= e
2m

= glµb



 
µb =

e
2m

= 0.927 ×10−23  A m2



Gyromagnetic ratio
• The constant gl is called gyromagnetc ratio

• For orbital motion 

• The magnetic dipole moment can be 
written as 

• The dipole moment and L are in anti-
parallel because of negative charge

gl = 1

 
µ = − glµb


L



Quantum results

• for angular momentum eigenstates

• The dipole moment has 

 L = l l +1( )  Lz = m

µl = l l +1( )glµb

µl ,z = −mglµb



Energy in a magnetic field

• A magnetic dipole moment experiences a 
torque in a magnetic field

• The force is conservative, and gives a 
potential energy

 
τ = µl ×


B

 ΔE = − µl ⋅

B



precession
• The torque produces a 

change in angular 
momentum

• Precession angle is

τ = µlBsinθ

 

ΔL
Δt

= τ = µlBsinθ = glµb


LBsinθ

 

ΔL
Δt

= glµb


BL⊥

 
Δφ = ΔL

L⊥

= glµb


BΔt

 
Ω = Δφ

Δt
= glµb


B



Stern-Gerlach experiment
• A stream of atoms moving from the right 

passes between the asymmetric poles of a 
magnet. Particles with different values of μz 
are deflected in different directions. The final 
position of the atom determines its μz

30 Qubits

Fig. 2.10 The Stern–Gerlach experiment. A stream of atoms moving from the right passes between the
asymmetric poles of a magnet. Particles with different values of µz are deflected in different
directions. The final position of the atom determines its µz.

Amplitude vectors

In the two-beam interferometer, the photon can be found in one of two distinct beams. A
spin-1/2 particle can be found to have one of two distinct values for Sz. The same quantum
rules that apply to the photon also apply to the spin-1/2 particle. That is, in addition to
the “spin up” and “spin down” situations, there are also situations which are complex
superpositions of these two:

α (spin up) + β (spin down) . (2.30)

The coefficients α and β are probability amplitudes for finding the value of Sz to be +!/2
or −!/2, respectively. We can represent any of these superpositions by a column vector of
the probability amplitudes. The amplitude vectors

z+ =
(

1
0

)
and z− =

(
0
1

)
, (2.31)

represent situations where the spin component Sz definitely has either its positive or negative
possible value. The superposition vector

(
α

β

)
= αz+ + βz−, (2.32)

is also possible, but what does it mean?
It turns out6 that the superposition vectors describe situations in which some spin com-

ponent other than Sz has a definite value. For example, suppose we were to consider Sx.
The amplitude vectors

x+ = 1√
2

(
1
1

)
and x− = 1√

2

(
1

−1

)
, (2.33)

6 What do we mean by “It turns out”? When we use this phrase, we may be appealing to theoretical developments
that we have not yet discussed, or to experimental results, or to both. Physics, unlike mathematics, cannot really
be developed in a linear way from a set of explicit axioms. The justification for any theory lies in experiments,
but experiments cannot be understood without a theory! The best we can hope for in empirical science is a
consistent, testable, mutually reinforcing system of ideas and observations. When we say “It turns out,” we are
simply opening a door into that system.

 

µ ∝−


S γ is gyromagnetic ratio

 E = −

µ ⋅

B



spin 1/2 system
• A particle may have an intrinsic angular 

momentum called spin

• Electrons, protons, and neutrons are all 
examples of spin-1/2 particles

• If one measure the z-component Sz(or Sx, 
Sy) of the spin angular momentum for one 
of these particles, he gets

 
Sz = ± 

2



 intrinsic magnetic moment

• electron has an intrinsic magnetic dipole 
moment by virtue of its spin

• gyromagnetic ratio, gs=2

• Hamiltonian

 
µ = − gsµb


S

 
H = −µ ⋅B = − gsµb


S ⋅B

B
S

ground state

μ



Spin 1/2 system
• for angular momentum S=1/2, there are 2 

eigenstates

• we can write the states

 S
2χ± = s s +1( )2

 
Szχ± = ± 1

2


s = 1
2

ms = ± 1
2



commutation relations

• mutual commutation relations for L

 

Lx ,Ly⎡⎣ ⎤⎦ = ypz − zpy , zpx − xpz⎡⎣ ⎤⎦ = ypz , zpx⎡⎣ ⎤⎦ + zpy , xpz⎡⎣ ⎤⎦
= −iypx + ipyx = iLz

Ly ,Lz⎡⎣ ⎤⎦ = iLx
Lz ,Lx⎡⎣ ⎤⎦ = iLy

 

Sx ,Sy⎡⎣ ⎤⎦ = iSz

Sy ,Sz⎡⎣ ⎤⎦ = iSx
Sz ,Sx⎡⎣ ⎤⎦ = iSy

• mutual commutation relations for S



raising and lowering 
operators

• to show the structure, we define

• total angular momentum does not change

S± = Sx ± iSy

 

S2 S+χ±( ) = S2S+( )χ±

= S+S
2( )χ± + S2,S+⎡⎣ ⎤⎦ χ±

= s s +1( )2 S+χ±( )

S2,S±⎡⎣ ⎤⎦ = S2,Sx⎡⎣ ⎤⎦ ± i S
2,Sy⎡⎣ ⎤⎦ = 0

 

Sz ,S±⎡⎣ ⎤⎦ = Sz ,Sx⎡⎣ ⎤⎦ ± i Sz ,Sy⎡⎣ ⎤⎦
= iSy ± Sx = ±S±



meaning of S+

• z-component 

 

Sz S+χ−( ) = SzS+( )χ−

= S+Sz( )χ− + Sz ,S+⎡⎣ ⎤⎦ χ−

= − 1
2
 S+χ−( ) +  S+χ−( ) = 1

2
 S+χ−( )

S+χ− = C+χ+

 

Sz S+χ+( ) = SzS+( )χ+

= S+Sz( )χ+ + Sz ,S+⎡⎣ ⎤⎦ χ+

= 1
2
 S+χ+( ) +  S+χ+( ) = 3

2
 S+χ+( )

S+χ+ = 0

• because       must be smaller thanSz
2 S2



meaning of S-
• z-component 

 

Sz S−χ−( ) = SzS−( )χ−

= S−Sz( )χ− + Sz ,S−⎡⎣ ⎤⎦ χ−

= − 1
2
 S−χ−( )−  S−χ−( ) = − 3

2
 S−χ−( )

S−χ+ = C−χ−

 

Sz S−χ+( ) = SzS−( )χ+

= S−Sz( )χ+ + Sz ,S−⎡⎣ ⎤⎦ χ+

= 1
2
 S−χ+( )−  S−χ+( ) = − 1

2
 S−χ+( )

S−χ− = 0



eigenstate: spinor
• spinor state(we cannot find spatial functions 

for them)

χ+ =
1
0

⎛
⎝⎜

⎞
⎠⎟

χ− =
0
1

⎛
⎝⎜

⎞
⎠⎟

• any spinor state(normalized)

χ =
α
β

⎛

⎝
⎜

⎞

⎠
⎟ =αχ+ + βχ−

1= χ χ = α * β *( ) α
β

⎛

⎝
⎜

⎞

⎠
⎟ = α 2 + β 2

Dirac notation 



Operators 

• Because of the properties, we can write the 
operators

 

Sz =

1
2
 0

0 − 1
2


⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 1
2
 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟

S+ = C+
0 1
0 0

⎛
⎝⎜

⎞
⎠⎟

S− = C−
0 0
1 0

⎛
⎝⎜

⎞
⎠⎟

 

S2 =

3
4
 0

0 3
4


⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 3
4
 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟



Sx and Sy

• The hermicitivity of Sx and Sy gives

• We choose C’s are real. Notice that the 
eigenvalues of Sx and Sy are   

Sx =
1
2
S+ + S−( ) = 1

2
0 C+

C− 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

C+ = C−
*

Sx =
1
2i

S+ − S−( ) = 1
2i

0 C+

−C− 0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

 
Sx =

1
2
 0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟ C+ = C− = 

 
± 1
2


 
Sx =

2

0 1
1 0

⎛
⎝⎜

⎞
⎠⎟



Pauli matrices
• Hermitian operators in 2 level systems

σ z =
1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

σ x =
0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

σ y =
0 −i
i 0

⎛
⎝⎜

⎞
⎠⎟

σ x
2 =σ y

2 =σ z
2 = 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟
= 1

σ x ,σ y⎡⎣ ⎤⎦ = 2iσ z

• Commutation relations

σ a ,σ b{ } = 2δ ab

• They are anti-commute

 
S = 1

2
σ

 
Sx ,Sy⎡⎣ ⎤⎦ = iSz



eigenstates of Sx

• To find the eigenstates for 

• The eigenequation

• The eigenevalue

 
Sx =

1
2
 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

u
v

⎛
⎝⎜

⎞
⎠⎟
= λ u

v
⎛
⎝⎜

⎞
⎠⎟

λ 2 −1= 0 λ = ±1

1
2

1
1

⎛
⎝⎜

⎞
⎠⎟

1
2

1
−1

⎛
⎝⎜

⎞
⎠⎟



Bloch sphere
z

x

y

x+ = 1
2
z+ + 1

2
z−

x− = 1
2
z+ − 1

2
z−

eigenstates of Sx

eigenstates of Sz

z+ = 1
0

⎛
⎝⎜

⎞
⎠⎟

z− = 0
1

⎛
⎝⎜

⎞
⎠⎟

z+

z−

x−

x+



Bloch sphere

y+ = 1
2
z+ + i

2
z−

y− = 1
2
z+ − i

2
z−

eigenstates of Sy

z

x

yy−
y+



some eigenstates
• To find the eigenstates for 

Sθ = Sz cosθ + Sx sinθ = cosθ sinθ
sinθ −cosθ

⎛

⎝⎜
⎞

⎠⎟

• The eigenequation 
cosθ sinθ
sinθ −cosθ

⎛

⎝⎜
⎞

⎠⎟
u
v

⎛
⎝⎜

⎞
⎠⎟
= λ u

v
⎛
⎝⎜

⎞
⎠⎟

• The eigenevalue λ 2 −1= 0 λ = ±1

• for λ = 1

θ+ =
cosθ

2

sinθ
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= cosθ
2
z+ + sinθ

2
z−

cosθu + sinθv = u

θ− =
sinθ
2

−cosθ
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= sinθ
2
z+ − cosθ

2
z−



rotation in θ
• Suppose we choose a 

direction in the xz-plane 
that is inclined at an 
angle θ from the z-axis.  
Then the amplitude 
vectors

θ+ = cosθ
2
z+ + sinθ

2
z−

θ− = sinθ
2
z+ − cosθ

2
z−

z

x

y
θ

θ+

θ−



more eigenstates
• To find the eigenstates for 

Sφ = Sx cosφ + Sy sinφ = 0 e− iφ

eiφ 0

⎛

⎝
⎜

⎞

⎠
⎟

• The eigenequation 

0 e− iφ

eiφ 0

⎛

⎝
⎜

⎞

⎠
⎟

u
v

⎛
⎝⎜

⎞
⎠⎟
= λ u

v
⎛
⎝⎜

⎞
⎠⎟

• The eigenevalue λ 2 −1= 0 λ = ±1

u = e− iφv• for λ = 1

φ+ = 1
2

1
eiφ

⎛

⎝⎜
⎞

⎠⎟

λ = −1 u = −e− iφv

φ− = 1
2

1
−e− iφ

⎛

⎝⎜
⎞

⎠⎟



rotation in φ

eigenstates of

z

x

y
φ+

φ−

Sφ

φ+ = 1
2

1
eiφ

⎛

⎝⎜
⎞

⎠⎟

φ− = 1
2

1
−eiφ

⎛

⎝⎜
⎞

⎠⎟

φ



General case
• Any rotation in θ and φ can 

be shown that

z

x

y

θ ,φ+

θ ,φ−

θ ,φ+ =
cosθ

2

sinθ
2
eiφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

θ ,φ− =
sinθ
2

−cosθ
2
e− iφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Sθ ,φ = Sx sinθ cosφ + Sy sinθ sinφ + Sx cosθ = nθ ,φ ⋅S

are eigenstates of 



expectation values

 

Sx = χ Sx χ = 1
2
 α * β *( ) 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

α
β

⎛

⎝
⎜

⎞

⎠
⎟

= 1
2
 α *β + β *α( )

 

Sy = χ Sy χ = 1
2
 α * β *( ) 0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟

α
β

⎛

⎝
⎜

⎞

⎠
⎟

= − i
2
 α *β − β *α( )

 

Sy = χ Sy χ = 1
2
 α * β *( ) 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟

α
β

⎛

⎝
⎜

⎞

⎠
⎟

= 1
2
 α 2 − β 2( )



rotation about z

σ z θ ,φ = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

cosθ
2

sinθ
2
eiφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
cosθ

2

−sinθ
2
eiφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

can be viewed as the 
rotation about z of π

θ →θ
φ→π +φ

z

y

θ ,φ

xalso called Pauli-Z gate



rotation about x

σ x θ ,φ+ = 0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

cosθ
2

sinθ
2
eiφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= eiφ
sinθ
2

cosθ
2
e− iφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

θ →π −θ
φ→ −φ

rotation about x of π
y

θ ,φ

x

also called Pauli-X gate
or NOT gate



rotate about y

z

y

θ ,φ

x

σ y θ ,φ+ = 0 −i
i 0

⎛
⎝⎜

⎞
⎠⎟

cosθ
2

sinθ
2
eiφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
−isinθ

2
eiφ

icosθ
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= −ieiφ
sinθ
2

−cosθ
2
e− iφ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

θ →π −θ
φ→π −φ

rotation about y of π

also called Pauli-Y gate





Hadamard (H) gate

• It maps                                     

• for other states, it acts as a rotation about 
z of π, followed by a rotation about y of  
π/2

H = 1
2

1 1
1 −1

⎛
⎝⎜

⎞
⎠⎟

z+ = 1
0

⎛
⎝⎜

⎞
⎠⎟

z− = 0
1

⎛
⎝⎜

⎞
⎠⎟

x+ = 1
2

1
1

⎛
⎝⎜

⎞
⎠⎟

x− = 1
2

1
−1

⎛
⎝⎜

⎞
⎠⎟



Phase gate
• Phase gates are defined

• when                               is Pauli-Z gate

• when

• when   

rotation about z of π/2

Rφ =
1 0
0 eiφ

⎛

⎝⎜
⎞

⎠⎟

φ = π Rπ = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

φ = π
2

Rπ /2 =
1 0
0 i

⎛
⎝⎜

⎞
⎠⎟
= Z

(called S in IBM Q)

φ = π
4

Rπ /2 =
1
2

2 0
0 1+ i

⎛

⎝
⎜

⎞

⎠
⎟

(called T in IBM Q)



Square root of NOT gate

X = 1
2

1+ i 1− i
1− i 1+ i

⎛
⎝⎜

⎞
⎠⎟

1
4

1+ i 1− i
1− i 1+ i

⎛
⎝⎜

⎞
⎠⎟

1+ i 1− i
1− i 1+ i

⎛
⎝⎜

⎞
⎠⎟
= 0 1

1 0
⎛
⎝⎜

⎞
⎠⎟
= X

rotation about x of π/2 also called NOT



Spin dynamics

• Schrodinger equation

• If B in z-direction

• the spinor state

• for the energy eigenstate

 
i dψ
dt

= Hψ = eg
4me

σ ⋅Bψ

ψ t( ) =
α+ t( )
α− t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ψ t( ) = e− iωt α+

α−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

 
i dψ
dt

= eg
4me

σ zψ



eigenstate

• eigen equation

• eigenstates

• general solution

eg
4me

1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

α+

α−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=ω

α+

α−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ω = ± eg
4me

= ±ω 0
φ+ =

1
0

⎛
⎝⎜

⎞
⎠⎟

φ− =
0
1

⎛
⎝⎜

⎞
⎠⎟

ψ t( ) = ae− iω0tφ+ + be
iω0tφ− =

ae− iω0t

beiω0t
⎛

⎝
⎜

⎞

⎠
⎟



spin precession

• Set initial state to be in x-direction

• for arbitrary time

• The expectation value 

0 e− iφ

eiφ 0

⎛

⎝
⎜

⎞

⎠
⎟

φ = 0

u+ = 1
2

e
− iφ
2

e
iφ
2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

ψ 0( ) = 1
2

1
1

⎛
⎝⎜

⎞
⎠⎟

ψ t( ) = 1
2

e− iω0t

eiω0t
⎛

⎝
⎜

⎞

⎠
⎟

 
Sx = 1

2

2

eiω0t e− iω0t( ) 0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

e− iω0t

eiω0t
⎛

⎝
⎜

⎞

⎠
⎟ =

4
e2iω0t + e−2iω0t( ) = cos2ω 0t

2



spin precession

• The spin precession frequency,             
called Larmor frequency

• For B=1T, ωc ~ 0.9 x 1011 rad/s

Ω = 2ω 0 =
egB
2me

= gω c

B

t=0



Paramagnetic resonance

• The magnetic field has a small oscillating 
part

• solve the Schrodinger equation

• When B1=0

B = B0 ẑ + B1 cosωtx̂

ψ =
a t( )
b t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

i d
dt

a t( )
b t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= eg
4me

B0 B1 cosωt
B1 cosωt −B0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

a t( )
b t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

ψ 0 =
a 0( )e− iω0t

b 0( )eiω0t
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

i d
dt
ψ = eg

4me

B0 B1 cosωt
B1 cosωt −B0

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
ψ



Paramagnetic resonance
• When B1 <> 0, the solution

• Slowly varying functions A and B

• Consider how A and B evolve with time

ψ ≈ψ 0

a t( )eiω0t = A t( )
b t( )e− iω0t = B t( )

i dA t( )
dt

= i da t( )
dt

eiω0t −ω 0a t( )eiω0t =ω 0a t( )eiω0t +ω1b t( )cos ωt( )eiω0t −ω 0A t( )

=ω1b t( )cos ωt( )eiω0t =ω1B t( )cos ωt( )e2iω0t = 1
2
ω1B t( ) e2iω0t+iωt + e2iω0t−iωt( )

i dB t( )
dt

= 1
2
ω1A t( ) e−2iω0t+iωt + e−2iω0t−iωt( ) ω1 =

egB1
4me



Rotating wave approximation

• When the driving frequency is close 
resonance that

• There are rapid oscillating and slow 
oscillating terms

• The rotating wave approximation states 
that only slow oscillating term is important

 
e±2iω0t+iωt + e±2iω0t−iωt( )  e± 2iω0t−iωt( )

ω ≈ 2ω 0



Rabi oscillation
• To solve the coupled equation

• The solution is Rabi frequency

i dA t( )
dt

≈ 1
2
ω1B t( )e2iω0t−iωt i dB t( )

dt
≈ 1
2
ω1A t( )e−2iω0t+iωt

d 2A t( )
dt 2

≈ − i
2
ω1e

2iω0t−iωt dB t( )
dt

+ 1
2
ω1 2ω 0 −ω( )e2iω0t−iωt B t( )

= ω1

2
⎛
⎝⎜

⎞
⎠⎟
2

A t( ) + i 2ω 0 −ω( ) dA t( )
dt

A t( ) = A 0( )eiΩt −Ω2 = ω1

2
⎛
⎝⎜

⎞
⎠⎟
2

− 2ω 0 −ω( )Ω

Ω = ω 0 −
ω
2

⎛
⎝⎜

⎞
⎠⎟ ± ω 0 −

ω
2

⎛
⎝⎜

⎞
⎠⎟
2

+ ω1

2
⎛
⎝⎜

⎞
⎠⎟
2



State evolution

• General solution

• Suppose t=0

• The coefficients 

A t( ) = A+e
iΩ+t + A−e

iΩ−t

B t( ) = e−2iω0t+iωt 2i
ω1

dA t( )
dt

= − 2
ω1

e−2iω0t+iωt A+Ω+e
iΩ+t + A−Ω−e

iΩ−t( )

= − 2
ω1

A+Ω+e
− iΩ−t + A−Ω−e

− iΩ+t( )

ψ =
a 0( )
b 0( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1

0
⎛
⎝⎜

⎞
⎠⎟

A 0( ) = a 0( ) = 1
B 0( ) = b 0( ) = 0

A+ + A− = 1
A+Ω+ + A−Ω− = 0

A+ =
Ω−

Ω− −Ω+

A− = − Ω+

Ω− −Ω+



state evolution

• The probability to find the spin pointing in   
-z direction is

P− t( ) = b t( ) 2 = B t( ) 2 = 2
ω1

⎛
⎝⎜

⎞
⎠⎟

2

A+Ω+e
− iΩ−t + A−Ω−e

− iΩ+t
2

= 2
ω1

⎛
⎝⎜

⎞
⎠⎟

2
Ω−Ω+

Ω− −Ω+

⎛
⎝⎜

⎞
⎠⎟

2

e− iΩ−t − e− iΩ+t
2

= 2 2
ω1

⎛
⎝⎜

⎞
⎠⎟

2
Ω−Ω+

Ω− −Ω+

⎛
⎝⎜

⎞
⎠⎟

2

1− cos Ω− −Ω+( )t⎡⎣ ⎤⎦

= 1
2

ω1
2

2ω 0 −ω( )2 +ω1
2
1− cos 2ω 0 −ω( )2 +ω1

2 t⎡
⎣⎢

⎤
⎦⎥

Ω+Ω− = − ω1

2
⎛
⎝⎜

⎞
⎠⎟
2

Ω+ +Ω− = 2ω 0 −ω

Ω+ −Ω− = 2ω 0 −ω( )2 +ω1
2



resonance condition

• when

• The down-spin probability 

• For nuclear spin

Ω = ±ω1

2
ω = 2ω 0

P− t( ) = 1
2
1− cosω1t( )

ω1 =
egB1
4mn



Nuclear magnetic 
resonance

900MHz, B=21.1 T



magnetic field in atoms
• electron spin may have interaction with 

internal magnetic field of an atom.

• at the moving frame, the nucleus may 
produce a magnetic field

 

d

B = µ0I

4π
d

l × r
r3


B = µ0I

4π
d

l × r
r3∫ = − Zeµ0

4π

v × r
r3

 
Id

l = − Ze

v
2πr

dl

-e

Ze

-e

Ze
rest frame

moving frame
v

-v

r r



field transformation

• The B field is related to the Coulomb 
electric field

• This is similar to the transformation in 
special relativity

 


E = Ze

4πε0

r
r3  


B = −ε0µ0

v ×

E = − 1

c2
v ×

E

 
′B⊥ = γ B⊥ −

1
c2
v ×

E⎛

⎝⎜
⎞
⎠⎟ 

′E⊥ = γ E⊥ +
v ×

B( ) γ = 1

1− v
2

c2



spin interaction

• The magnetic field produces an energy 
change to the electron

• The energy change transformation back to 
the rest frame would be reduced by half 

 
ΔE = −


µs ⋅

B = gsµb




S ⋅

B

 
ΔE = gsµb

2

S ⋅

B



spin-orbit interaction

• To combine the two equations and note 
that

 


E = −


F
e
= 1
e
dV
dr

r
r

 
ΔE = 1

emc2r
dV
dr

gsµb

2

S ⋅

L = 1

2m2c2r
dV
dr

S ⋅

L

 


B = − 1

ec2r
dV
dr
v × r = 1

emc2r
dV
dr

L  


L = mr × v



in solids
• In semiconductors, the crystal may has 

internal electric field E

• The E field produces a B field in the 
electron moving frame

• The B field produces energy change 
 


B = − 1

c2
v ×

E

 

ΔE = − e
4m

σ ⋅ v ×


E( )

= − e2

4m2

σ ⋅

k ×

E( )

 

v = 

k
m



Rashba effect
• The Rashba effect states that

• The spin would precess when moving 
forward

 

E = E0 ẑ

 
ΔE = − e

2E0
4m2


σ ×

k( ) ⋅ ẑ

x

yz

E

kB

k

B

S





Addition of two spins

• The 2 spin system

• electron 1

• electron 2 

 
S1x ,S1y⎡⎣ ⎤⎦ = iS1z

 
S2x ,S2y⎡⎣ ⎤⎦ = iS2z

S1i ,S2 j⎡⎣ ⎤⎦ = 0      for  all i, j



Total spin
• Total spin

• commutation relation

• Therefor it is easy to find total spin S 
satisfies the commutation relation of an 
angular momentum

S = S1 + S2

 

Sx ,Sy⎡⎣ ⎤⎦ = S1x + S2x ,S1y + S2y⎡⎣ ⎤⎦
= S1x ,S1y⎡⎣ ⎤⎦ + S2x ,S2y⎡⎣ ⎤⎦
= iS1z + iS2z
= iSz



Eigenvalues

• Consider the states using single spinors

• electron 1

• electron 2

χ±
1( )

χ±
2( )

 
S1
2χ±

1( ) = 1
2
1
2
+1⎛

⎝⎜
⎞
⎠⎟ 

2χ±
1( )

 
S2
2χ±

2( ) = 1
2
1
2
+1⎛

⎝⎜
⎞
⎠⎟ 

2χ±
2( )

 
S1zχ±

1( ) = ± 1
2
χ±

1( )

 
S2zχ±

2( ) = ± 1
2
χ±

2( )



product states

• The possible states are (product states)

• calculate the eigenvalues

• Two m=0 states

χ+
1( )χ+

2( ) χ+
1( )χ−

2( ) χ−
1( )χ+

2( ) χ−
1( )χ−

2( )

 

Szχ+
1( )χ+

2( ) = S1z + S2z( )χ+
1( )χ+

2( )

= S1zχ+
1( )( )χ+

2( ) + χ+
1( ) S2zχ+

2( )( )
= χ+

1( )χ+
2( )

Szχ+
1( )χ−

2( ) = Szχ−
1( )χ+

2( ) = 0  Szχ−
1( )χ−

2( ) = −χ−
1( )χ−

2( )



spin triplet and singlet
• Spin triplet  S=1, m=1, 0, -1

• Spin singlet S=0, m=0

• May check using lowering operator

• S=1, m=0 state 

S− = S1− + S2−

 

S1−χ+
1( ) = χ−

1( )

S2−χ+
2( ) = χ−

2( )
 

S−χ+
1( )χ+

2( ) = S1−χ+
1( )( )χ+

2( ) + χ+
1( ) S2−χ+

2( )( )
=  χ−

1( )χ+
2( ) + χ+

1( )χ−
2( )( )

X+ =
1
2

χ−
1( )χ+

2( ) + χ+
1( )χ−

2( )( )



spin triplet and singlet

• One may check the result again

• The remaining state m=0 
 

S−
χ−
1( )χ+

2( ) + χ+
1( )χ−

2( )

2
= S1− + S2−( ) χ−

1( )χ+
2( ) + χ+

1( )χ−
2( )

2

= 1
2
S1−χ+

1( )( )χ−
2( ) + 1

2
χ−
1( ) S2−χ+

2( )( )
= 2χ−

1( )χ−
2( )

X− =
1
2

χ−
1( )χ+

2( ) − χ+
1( )χ−

2( )( )



S2

• check the S2 value S2 = S1 + S2( )2 = S12 + S22 + 2S1 ⋅S2
= S1

2 + S2
2 + 2S1xS2x + 2S1yS2y + 2S1zS2z

= S1
2 + S2

2 + S1+S2− + S1−S2+ + 2S1zS2z

 

S1
2X+ =

1
2
S1
2 χ−

1( )χ+
2( ) + χ+

1( )χ−
2( )( )

= 3
4
2

1
2

χ−
1( )χ+

2( ) + χ+
1( )χ−

2( )( ) = 34 
2X+

 
S2
2X+ =

3
4
2X+

 

S1zS2zX+ =
1
2
S1zS2z χ−

1( )χ+
2( ) + χ+

1( )χ−
2( )( )

= 1
2
S1zχ−

1( )S2zχ+
2( ) + 1

2
S1zχ+

1( )S2zχ−
2( )

= − 1
4
2

1
2

χ−
1( )χ+

2( ) + χ+
1( )χ−

2( )( ) = − 1
4
2X+

 
S1zS2zX− = − 1

4
2X−

 

S1
2X− =

3
4
2X−

S2
2X− =

3
4
2X−



S2

 

S1+S2− + S1−S2+( )X+ =
1
2
S1+S2− + S1−S2+( ) χ−

1( )χ+
2( ) + χ+

1( )χ−
2( )( )

= 1
2
S1+χ−

1( )( ) S2−χ+
2( )( ) + 1

2
S1−χ+

1( )( ) S2+χ−
2( )( )

= 1
2
2 χ+

1( )χ−
2( ) + χ−

1( )χ+
2( )( ) = 2X+

 

S1+S2− + S1−S2+( )X− =
1
2
S1+S2− + S1−S2+( ) χ−

1( )χ+
2( ) − χ+

1( )χ−
2( )( )

= 1
2
S1+χ−

1( )( ) S2−χ+
2( )( )− 1

2
S1−χ+

1( )( ) S2+χ−
2( )( )

= − 1
2
2 χ+

1( )χ−
2( ) − χ−

1( )χ+
2( )( ) = −2X−



S2

• For X+ , S=1

• For X- , S=0

 

S2X+ = S1
2X+ + S2

2X+ + S1+S2−X+ + S1−S2+X+ + 2S1zS2zX+

= 3
4
2X+ +

3
4
2X+ + 

2X+ −
1
2
2X+

= 22X+ = S S +1( )2X+

 

S2X− = S1
2X− + S2

2X− + S1+S2−X− + S1−S2+X− + 2S1zS2zX−

= 3
4
2X− +

3
4
2X− − 

2X− −
1
2
2X−

= 0



representation

• product 
states

χ+
1( )χ+

2( )

χ+
1( )χ−

2( )

χ−
1( )χ+

2( )

χ−
1( )χ−

2( )

• total spin 
state

Spin triplet  

S=1

Spin singlet 

S=0

1
2

χ−
1( )χ+

2( ) − χ+
1( )χ−

2( )( )
χ+
1( )χ+

2( )

χ−
1( )χ−

2( )

1
2

χ−
1( )χ+

2( ) + χ+
1( )χ−

2( )( )



spin-dependent potential

• In many physical systems, two particle 
interaction is spin-dependent

• the duetron hamiltonian

• S2 is a good quantum number, but Sz is not

• for triplet

• for singlet

 
H = p1

2

2m1

+ p2
2

2m2

+V1 r( ) + 1
2
S1 ⋅S2V2 r( )

 
S1 ⋅S2 =

1
2
S2 − S1

2 − S2
2( ) = 12 S

2 − 3
4
2

V r( ) =V1 r( ) + 1− 3
4

⎛
⎝⎜

⎞
⎠⎟V2 r( ) =V1 r( ) + 1

4
V2 r( )

V r( ) =V1 r( ) + 0 − 3
4

⎛
⎝⎜

⎞
⎠⎟V2 r( ) =V1 r( )− 3

4
V2 r( )

n p



spin-dependent potential

• for deutron, one observes a bound S=1 
state and an unbound S=0 state

• for BCS paring, bound state S=0 

http://hyperphysics.phy-astr.gsu.edu/hbase/Solids/coop.html



spin singlet and 
entanglement

• In the spin singlet, quantum states are 
entangled

• First we do Sx measurement on electron 1, 
we have 50% to get `+’ and 50% to get `-’

• then we do Sx measurement on electron 2, 
the result is 100% opposite to the result of 
electron 1.



How does it work?

• entangled state

• the measurement of Sx1 project the state to 
an eigenstate of Sx1

• The project operator

ψ = 1
2

1
0

⎛
⎝⎜

⎞
⎠⎟ 1

0
1

⎛
⎝⎜

⎞
⎠⎟ 2

− 0
1

⎛
⎝⎜

⎞
⎠⎟ 1

1
0

⎛
⎝⎜

⎞
⎠⎟ 2

⎛

⎝
⎜

⎞

⎠
⎟

P1 +( ) = Sx = + Sx = +

= 1
2

1 1( ) 12
1
1

⎛
⎝⎜

⎞
⎠⎟

= 1
2

1 1
1 1

⎛
⎝⎜

⎞
⎠⎟

Sx1 =
1
2

0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

Sx = + = 1
2

1
1

⎛
⎝⎜

⎞
⎠⎟



measurement
• Projection result

• The following measurement on Sx2 will only 
give `-’ result

P1 +( )ψ = 1
2
1
2

1 1
1 1

⎛
⎝⎜

⎞
⎠⎟

1
0

⎛
⎝⎜

⎞
⎠⎟ 1

0
1

⎛
⎝⎜

⎞
⎠⎟ 2

− 1
2
1
2

1 1
1 1

⎛
⎝⎜

⎞
⎠⎟

0
1

⎛
⎝⎜

⎞
⎠⎟ 1

1
0

⎛
⎝⎜

⎞
⎠⎟ 2

= 1
2 2

1
1

⎛
⎝⎜

⎞
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0
1

⎛
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⎞
⎠⎟ 2
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2 2

1
1

⎛
⎝⎜

⎞
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1
0

⎛
⎝⎜

⎞
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2
1
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⎛
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⎞
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1
2

−1
1

⎛
⎝⎜

⎞
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= ′ψ

 
Sx2 ′ψ = Sx2P1 +( )ψ = − 

2
′ψ



Ψ
Sx1

P1 +( )ψ

P1 −( )ψ

Sx1=+

Sx1=-

Sx2

Sx2

Sx2=-

Sx2=+

50%

50%

P1 +( )ψ

P1 −( )ψ

singlet
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• Einstein’s comment: “spukhafte 
Fernwirkung” or "spooky action at a 
distance



Addition of L and S

• total angular momentum

• product state

• eigenstate

• eigenvalue

J = L+ S

Ylmχ±

 
J2ψ j ,mj

= 2 j j +1( )ψ j ,mj

 
Jzψ j ,mj

= mjψ j ,mj

j = l ± 1
2

 mj = − j,− j +1, j −1, j



Addition of L and S

• case 1

• case 2

ψ j ,mj
= l +m +1

2l +1
Ylmχ+ +

l −m
2l +1

Ylm+1χ−

j = l + 1
2

mj = m + 1
2

ψ j ,mj
= l −m

2l +1
Ylmχ+ +

l +m +1
2l +1

Ylm+1χ−

j = l − 1
2

mj = m + 1
2



Addition of angular 
momenta

• possible total angular momentum

• possible z-component

J = L1 +L2

 j = l1 + l2,l1 + l2 −1, l1 − l2

 mj = − j,− j +1, j −1, j



Fine structure

• Consider the total angular momentum

• For angular momentum eigenstates, we 
have

 

J =

L +

S  

J 2 =

L +

S( )2 = L2 + S2 + 2 L ⋅ S

 


L ⋅

S = 1

2
J 2 − L2 − S2( )

 


L ⋅

S = 

2

2
j j +1( )− l l +1( )− s s +1( )⎡⎣ ⎤⎦



• The spin-orbital energy is

 
ΔE = 2

4m2c2
1
r
dV
dr

j j +1( )− l l +1( )− s s +1( )⎡⎣ ⎤⎦

j j +1( )− l l +1( )− s s +1( )

= l + 1
2

⎛
⎝⎜

⎞
⎠⎟ l + 3

2
⎛
⎝⎜

⎞
⎠⎟ − l l +1( )− s s +1( )

= l

j j +1( )− l l +1( )− s s +1( )

= l − 1
2

⎛
⎝⎜

⎞
⎠⎟ l + 1

2
⎛
⎝⎜

⎞
⎠⎟ − l l +1( )− s s +1( )

= −l −1

• The electron energy is on the order of
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e2

8πε0
1
r

= − e2

8πε0
1
a0

= e2
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4πε0
2

⎛
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ΔE ~ 2

4m2c2
e2

4πε0
1
r3
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4m2c2
e2

4πε0
1
a0
3

= 2

4m2c2
e2

4πε0
me2

4πε0
2

⎛
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3

= m
4c24
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⎛
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1
2

e2
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⎛
⎝⎜

⎞
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2

= 1
2
E0α

2

 
α = e2

4πε0c
~ 1
137 called fine structure constant

• The spin-orbit energy is on the order of




